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Abstract:-
A three species multi-delay Lotka-Volterra ratio-dependent predator-prey model with feedback controls and prey 
diffusion is investigated. By developing some new analysis methods, some sufficient conditions are derived for the 
permanence of the system. 
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1. INTRODUCTION 
The traditional predator-prey model has received great attention from both theoretical and mathematical biologists and 
has been studied extensively (see [1-4] and the references cited therein). Based on growing biological and physiological 
evidences, some scholars generally recognized that some kind of time delays are inevitable in population interactions and 
tend to be destabilizing in the sense that longer delays may destroy the stability of the system. Some results are shownin 
[5-9] and the references cited therein.In[9], the authors considered the following three species Lotka-Volterra type 
competitive-mutualism system with discrete time delays 

Furthermore, in the real world, species can diffuse between patches. So we should consider the effect of dispersal on the 
permanence and global stability of the ecosystem. Some research results can see for example [10-13].Song and Chen in
[10] studied the following two-species predator-prey system with diffusion 

Where x1 and y are population density of prey species x and predator species y in patch 1, 
And x

2 is the density of prey species x in patch 2. Predator species y is confined to patch 1, while the prey species x can
diffuse between two patches. D ti ( ) (i 1, 2) are diffusive coefficients of prey species x. It is proved that the system can 
be made persistent, further, if the system is a periodic system, it can have a strictly positive periodic orbit which is globally 
asymptotically stable under the appropriate conditions. 
Moreover, predators have to search for food and have to share or compete for food, a more suitable general predator-prey 
theory should be based on the so-called “ratio-dependent” theory. That is to say, the per capita predator growth rate should 
be a function of the ratio of prey to predator abundance (e.g., see [14-17]).In [14], Wang et al. considered the following 
a ratio-dependent predator-prey system with two competing prey predated by one predator 

In order to study the combined effects of time-delay, dispersion and ratio-dependent on the dynamics of predator-
prey systems, some models have been studied by many authors [18-24]. In 2004, Xu et al. [23] studied the following 
Lotka-Volterra predator-prey model with dispersion and time-delays. 
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The authors by using Ganies and Mawhin’s continuation theorem of coincidence degree theory and by constructing the 
appropriate Lyapunov function, a set of easily verifiable sufficient conditions are derived for the existence, uniqueness 
And global stability of positive periodic solutions of the system (1.4).
Xu et al. in [18] studied a three-species predator–prey model both with time delay and ratiodependent,  

They proved that the system (1.5) is uniformly persistent under some appropriate conditions and by means of constructing 
suitable Lyapunov functional, sufficient conditions are derived for the global asymptotic stability of the positive 
equilibrium of the system. 
In [21], Sun and Yuan considered the following nonautomous mixture model both with ratiodependent and diffusion 

It is shown that the system (1.6) is uniformly and persistently related to the dispersion rate. Furthermore, the sufficient 
conditions are obtained for the global asymptotic stability of a periodic solution of the system (1.6). 
In [19], the authors considered a delayed two-predator-one-prey ratio-dependent model with ratio-dependent in a two-
patch environment 
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On the other hand, in the real world, ecosystems are continuously distributed by unpredictable forces which could cause 
a stable system to become unstable or cause the species to fluctuate. So it is necessary to study models with control 
variables. Recently, there has been a lot of literature related to the study of Lotka-Volterra-type system with feedback 
controls [25-29]. In 2003, K. Gopalsamy et al. [25] studied the following two species competition system with feedback 
controls 

Are positive constants, u ti ( ) (i 1,2)  are the indirect control variables, they obtained 
some conditions for the existence of a globally attracting positive equilibrium of the system.
In order to show that whether the feedback control variables play an essential role on the persistent property and global 
stability of Lotka-Volterra cooperative systems or not, Liang [28] discussed the following a system with time delays and 
feedback control 

By using the differential inequality and comparison principle, the condition for persistence is obtained, then by the means 
of conducting the Lyapunov function, it is proved that the only positive equilibrium point of the system is globally stable 
when the parameters of system satisfy a certain conditions. 
In 2016, Wang et al. [29] studied a ratio-dependent Lotka-Volterra predator-prey model with feedback control, 

The authors by constructing suitable Lyapunov function and developing some new analysis techniques, some 
sufficientcondition which guarantees the globally attractive of positive solution for the predator-prey model is obtained.
To eliminate the influence of the patch diffusion, ratio-dependent and feedback control on existence of periodic solution, 
Xie and Weng in [26]considered the following predator–prey model with patch–diffusion,ratio-dependent and feedback 
control,  

By developing some new analysis methods, the existence of at least one positive periodic solution for this model is proved.
However, to the best of the authors’ knowledge, there are few scholars who study the three species multi-delay Lotka-
Volterra and ratio-dependent predator- prey model with feedback controls and prey diffusion. So, based on system (1.7) 
and motivated by the above works, in this paper, we propose and investigate the following three species multi-delay and 
ratio-dependent predator-prey model with feedback controls and prey diffusion  
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Due to biological interpretation of system (1.12), it is reasonable to consider only positive solution of (1.12), in other 
words, to take admissible initial conditions

2. Permanence
For a continuous bounded function g t ( ) defined on [t0, ), we set 
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