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Abstract:-
A three species multi-delay Lotka-Volterra ratio-dependent predator-prey model with feedback controls and prey

diffusion is investigated. By developing some new analysis methods, some sufficient conditions are derived for the
permanence of the system.
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1. INTRODUCTION

The traditional predator-prey model has received great attention from both theoretical and mathematical biologists and
has been studied extensively (see [1-4] and the references cited therein). Based on growing biological and physiological
evidences, some scholars generally recognized that some kind of time delays are inevitable in population interactions and
tend to be destabilizing in the sense that longer delays may destroy the stability of the system. Some results are shownin
[5-9] and the references cited therein.In[9], the authors considered the following three species Lotka-Volterra type
competitive-mutualism system with discrete time delays

ﬁ{r] = x, (D[ () =@ (Dx(t—T)—a,(t)x,(t = 2T) — @, (1)x, (1 = 2T) + @, (1)x, (¢ — T)].

L () =00 —ay ()X, (=20 —a, ()x, (t —T) —a, () x,(f = 27) +a,, (£)x, (¢ — 7)),
{:&:3{11 = x5, (1) (1) + a;, (D)X, (1 = T) + a5, (1), (1 — T) — @35 ()%, (1) — a3, (D) x, (2 — 7],

(1.1)

Where x,(7)(7=1,2,3) denote the density of the ith species at time 7, 7 is a positive constant,
(i = 1.2.3}.6{'3(;?). crél{?).dé_;{r](f =L2),a,(1). a5(7). a5 (7). @y (7). a3y (7) and a5,(7) are

continuous, bounded and strictly positive functions on [0,4%2) . The authors established some

conditions on the boundedness, permanence and global attractivity for system (1.1).
Furthermore, in the real world, species can diffuse between patches. So we should consider the effect of dispersal on the
permanence and global stability of the ecosystem. Some research results can see for example [10-13].Song and Chen in
[10] studied the following two-species predator-prey system with diffusion

N = xfa (1) =b(t)x, —e(t)v]+ Dyt )x; — ;)
Xy = x[ay (1) — by(1)xy ]+ Dy ()3 — x3), (1.2)
Li‘ = y[-d(t) +el(t)x; —g(t)¥].

Where *; and y are population density of prey species x and predator species y in patch 1,

And %, is the density of prey species x in patch 2. Predator species y is confined to patch 1, while the prey species x can
diffuse between two patches. D #;( ) (i [11, 2) are diffusive coefficients of prey species x. It is proved that the system can
be made persistent, further, if the system is a periodic system, it can have a strictly positive periodic orbit which is globally
asymptotically stable under the appropriate conditions.

Moreover, predators have to search for food and have to share or compete for food, a more suitable general predator-prey
theory should be based on the so-called “ratio-dependent” theory. That is to say, the per capita predator growth rate should
be a function of the ratio of prey to predator abundance (e.g., see [14-17]).In [14], Wang et al. considered the following
a lratig-dgpendent predator-prey system vyith two competingi prey p‘redated by one predator

-

)X (F
520 = % (O[a (D) = ay (D) - g (D) (1) - — DB
bﬁ(”-‘}“}‘!‘l'l[ﬂ
! 5(0) = 3y (O (1) =y ()3,(1) = a ()%, (N -— BB 5
By (1)x5 (1) + x5(1)
15(6) = xy (D] as (1) + ay(Mx(t) | ay(0)x()

| EJE{HI_;[?]-i—II{?‘}TE:E{:‘}J}{I]%—.T:{:‘} '

In order to study the combined effects of time-delay, dispersion and ratio-dependent on the dynamics of predator-
prey systems, some models have been studied by many authors [18-24]. In 2004, Xu et al. [23] studied the following
Lotka-Volterra predator-prey model with dispersion and time-delays.
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[%,(8) = x,(O[1(D)
J %5(1) = x,(D)[13(F) -
tknr‘::ﬂr}[ 13(¢)

The authors by using Ganies and Mawhin’s continuation theorem of coincidence degree theory and by constructing the
appropriate Lyapunov function, a set of easily verifiable sufficient conditions are derived for the existence, uniqueness
And global stability of positive periodic solutions of the system (1.4).

Xu et al. in [18] studied a three-species predator—prey model both with time delay and ratiodependent,

(Ill{f}."lfl(f:l—ﬂls{f)j':__{f}]—!‘Dl(ﬂ'{.\';(r}_."l'l{f”..
ag (v —1,)],

(1.4)

X5 (1)
4 =x(0[a, —ayx (t—1)——22
ny +x,(1)
Ay Xy (T — Ty X (
FHI 1*-11“— Ty) m, + x5 (t)
. Ty X5 (T — T3 )
’ N e E'_-«}

They proved that the system (1.5) is uniformly persistent under some appropriate conditions and by means of constructing
suitable Lyapunov functional, sufficient conditions are derived for the global asymptotic stability of the positive
equilibrium of the system.

In [21], Sun and Yuan considered the following nonautomous mixture model both with ratiodependent and diffusion

[ d(t)v

y+alt)x
[f?n{i‘}l by(£)z —c,y(f)x;],
. e(r)x
= {—a, () —b(t)y+ :
v =y[—a,(t)—b,()) -

It is shown that the system (1.6) is uniformly and persistently related to the dispersion rate. Furthermore, the sufficient
conditions are obtained for the global asymptotic stability of a periodic solution of the system (1.6).

In [19], the authors considered a delayed two-predator-one-prey ratio-dependent model with ratio-dependent in a two-
patch environment

Where x;(7) (1=

.2) represents the prey density in the ith patch. and x;(6) (j=3.4)

represents the predator density, 7,.7, > 0 are constant delays due to gestation, and D, (1=12)

is a positive constant and denotes the dispersal rate, @,.a,(7.j=1.2.3,4).m; and My are

positive constants. It is shown that the system (1.7) is uniformly persistent under some appropriate
conditions, and sufficient conditions are obtained for the global stability of the positive equilibrium
of the system.

axs(f)
My (1) + (1)

(1)
iy (1) + 2, (1)

X

% =x(0[a —a,x (1) — +D,(x, (1) —x,(1)),

Xy = 5 (O)[ay — Ay, ()] + D, (x,(F) — 2, (1)),
(=T 1.
T =% D=+ ay%(f— %) s (=9
-7 Tompx -+ x(f-n)
X (f—7;
1, =x,(0)[-a, + Ayl 7)) 1.
L myx =1 )t —5)
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On the other hand, in the real world, ecosystems are continuously distributed by unpredictable forces which could cause
a stable system to become unstable or cause the species to fluctuate. So it is necessary to study models with control
variables. Recently, there has been a lot of literature related to the study of Lotka-Volterra-type system with feedback
controls [25-29]. In 2003, K. Gopalsamy et al. [25] studied the following two species competition system with feedback
controls

(5,() = x, ()b, — ay,x, (F) — a,x, (1) — e, ()],

x;(5) = o, (D)8 — a7, () —ax; () — @y, ()] .

I3 b~ 2 (1.8)
r;:{r} == (t) + ayx, (1),

1y (1) = =112, (1) + ay %, (1),

Where B, A jr Xl By Er=12) Are positive constants, # 2 () (i [11,2) are the indirect control variables, they obtained
some conditions for the existence of a globally attracting positive equilibrium of the system.

In order to show that whether the feedback control variables play an essential role on the persistent property and global
stability of Lotka-Volterra cooperative systems or not, Liang [28] discussed the following a system with time delays and
feedback control

I : - . (1.9)
lul =—eu (1) + fix(t —75).

i, =i (t)+ fix,(—1,),
By using the differential inequality and comparison principle, the condition for persistence is obtained, then by the means
of conducting the Lyapunov function, it is proved that the only positive equilibrium point of the system is globally stable
when the parameters of system satisfy a certain conditions.
In 2016, Wang et al. [29] studied a ratio-dependent Lotka-Volterra predator-prey model with feedback control,

a4 (1)x, (1)

50 =500 —a,(Ox ) —a, (O —————————
: (D7 1A 2 a5 (1)x5(1) + X, (1)

—d, (D (1)].

@, (1)x;(1)
e, (1) (1) + x,(7)

(D)X (1), (2 (1.10)
a5 ()% (1) 4= %) +d, (N (1)),

1, (1) =, (1) [ (D) = a5, (D), () — a5, (D)x, (1) = —d, ()u,(1)].

L) =x(0)[-n(DH+
’ (O a (DX +x,(0)  ap(Dx @) +x,(10)

(1) =e (1) — fi(Duw(f) + g, (1)x,(1),

U (1) = ey (1) = (D, (1) + g, (D)x, (7).

ty(1) = e (1) — f,(Duy (1) — g, (1)x,(2).

The authors by constructing suitable Lyapunov function and developing some new analysis techniques, some

sufficientcondition which guarantees the globally attractive of positive solution for the predator-prey model is obtained.

To eliminate the influence of the patch diffusion, ratio-dependent and feedback control on existence of periodic solution,

Xie and Weng in [26]considered the following predator—prey model with patch—diffusion,ratio-dependent and feedback

control,

_BORO . b ) -x0),
e(H) (1) +x,(7)

X (1) = x5y ()] Dy (1) — ay (2)xy (1) — B (0 )aey ()] + Do (), (F) — x5 (1)),

! k,(Ox(t—1,)
e(O(t—7) +3(t-7)

1,(1) = x, (B (1) — ay (1), (£) —

|r
|

(1) =v()[-r()—a;()y(t)+ —A(t(0],  (1.11)

L (1) = =1 (), (1) + & () x, (1 — 1),

| 16,(8) = =15, (D, () + & (D (= T3),

By developing some new analysis methods, the existence of at least one positive periodic solution for this model is proved.
However, to the best of the authors’ knowledge, there are few scholars who study the three species multi-delay Lotka-
Volterra and ratio-dependent predator- prey model with feedback controls and prey diffusion. So, based on system (1.7)
and motivated by the above works, in this paper, we propose and investigate the following three species multi-delay and
ratio-dependent predator-prey model with feedback controls and prey diffusion
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% (7)) = x (D)) — @y () x, (1) — 5 :;;l;(g ::l{” _ bﬂ{?;i_t:{t?:ilm
—d, (F)u, ()] + D, (£)(x, (1) — x,(F)),

5, (2) = X, (D)[13(8) — @y (1), ()] + Dy (1) x,(F) — X, (1)),

ay, (f)x, (1 —1,)

(1) = x5 (0)[-13() +

—ay(H)x,(t—1,) +dy (D, ()],

3 by (D)x;(1) +xy(f —1y) -7 (1.12)
; g (B (1—1,
5,0 = 2, (O, (1) + —aDN=T) oy (2,4 (O ()],

by, ()x, () +x,(f—13)
i (t)=e ()= fi()u (1) + g, (1)x, (1),
i, (£) = e, (1) — fo (D (1) — g, (1)x,5 (7).
25 (1) = es (1) — fi(Du; () — g5 (1)x,(2),

Where x,(f) (i=1.2) denote the prey density in the i-th patch, x +(2) (j =3.,4) represents the

predator density, predator species is confined to patch 1 while the prey species can disperse between
two patches;7;(f) (7 =1,2) denote the intrinsic growth rate of the prey species, ?}(1‘} (j=3.4)

are the death rate of the predators: @,(7),a,,(f) denote the internal competitive coefficient of the
first species, a;(f).a,(f) are shows the ratio of prey by predator, a,(7),a,;(7) represents the
nutrient absorption ratio of predator after predation, a,,(f).a,;(f) are the competitive coefficient
of species x;(f) and x,(f) ; D.(f) (i=1.2) are the dispersion rate of prey species,
u,(t) (i=1,2,3) are the feedback control terms; furthermore 7,(#).a,(2).d.(¢),e(t). f.(¢),

g (t)(i=1.2.3) and a3 (1), (1), D5 (1), by, (8), a5, (1), ayy (F), ay, (1), ay;(¢), Di(1), D, (1) are

continuous, bounded and strictly positive functions on[0,+2) , 7, T,, T;. T, are positive constants.

Due to biological interpretation of system (1.12), it is reasonable to consider only positive solution of (1.12), in other
words, to take admissible initial conditions

()= 4(t), 4(0)>0, t[-7,0], i=1,2,3,
u,(1)=d,(t), @(0)>0, 10, i=12,3.

where T = max{z‘ 1+ T5.T5. T, ¢« Obviously, the solutions of system (1.12) with the initial values

(1.13)

(1.13) are positive for all 7= 0. By developing a new analysis technique. the sufficient conditions

are established for the permanence of the predator-prey model in this paper.

2. Permanence
For a continuous bounded function g ¢ () defined on [#o, [[1), we set

g" =supig(t)|t, <t <=}, g"' =inf{g(?) |7, <t <=},
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Definition 2.1. System (1.12) is called permanent, if there exist positive constants

M,Nj.mﬂnj(f =1,2,3,4,7=12,3) and T . such that m, E.X'E{I)EJMJ.HJ ‘_i;r!jl:f) ij.

(i=12,3.4, 7 =12,3) for any positive solution Z(f) = (x;(7). x,(£), x5(2 ). 04, (), 115 (£), 245(F))

of system (1.12)as 7>1T .
As a direct corollary of Lemma 2.1 of Chen [30], we have

Lemma2.1.If @>0,b>0 andx=b—ax.when #=0and x(0)>0, wehave
liIIIlillf x(t) = b/a.

If a>0,b>0 and X <b—ax,whent=0and x(0) >0, we have
limsup x(#) < b/a.

[—+x

As a direct corollary of Lemma 2.2 of Chen [30], we have

Lemma 2.2.If a>0.b>0and x=x(b—ax).when t=0and x(0) >0, we have
liminf x(¢) = b/a.

If a>0.b>0and x=<x(b—ax). whent = 0and x(0) > 0. we have

limsupx(r) <b/a.
For the system (1.12), we let
rm K\J\"! } ewl_i_ ."’.‘” . e-\m . g-:":
M, =M, =max{1-. 2} N=82"9" y -5 N=-5
Ay £ fz fi
a +d"N.—r o m ;
M, =—8_3_3 4 exp[(all +d]'N, 1)z,
) Ay R
ar +d'N, —v! ;
M, =23l 2"2 3 expl(al+dI'N,—r)z.]
:
2o r{ —a{; a"lfb;s —a.ﬂ/b;‘,f _deENJ _BlrJi . ‘V_ _D:m
nn = = . My, = ==fs
al'_ al}
el +gm, e, —qr M, el —q'M,
== 7 =, 0y === f;! <. " =~4—-—f;,
din, —r™ : .
my =—=22—*exp[(dyn, — 1" —ali M, ), ]
o ) )
din, — 1" ;
my = BT ol — 7 — G M)T, .
sy,
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Proof.According to the first and the second equations of system (1.12)., we define
W (t) = max{x(t). x,(z)} and calculate the upper right derivative of W[(r) along the positive
solution of system (1.12), we have that

Theorem 2.1. Assume that the system (1.12) satisfies the mitial conditions (1.13) and following

conditions

(H.) ¥l <df +d7N,, (H) ¥ <ol +d'N,

(H) ¥ >a /b, +a /b, +d"N, +D".

(H,) ¥ > D[, (H;) €, > qI'M,,

(H,) é>qg'M,, (H.)din, >v", (H,) din, >

then the system (1.12) 15 permanent.

(P1)if x(t) = x,(1). then

N o - B a,; (1)x, () B a, (t)x, (1)
D'W,(1) = %,() = 5, (O[R ) —a,, ()x () ROLO+ D hOLO+50

~d, (), ()] + Dy (£)(x, (1) — x,(2))
< x(O)[1) —a, Ox ()] 2 x ()" - Hille. (O)]=m()n" - ﬂf-ﬂ? (£)].
(P2)if x,(f) = x,(z). then
D(®) = 5,0 = 5RO ~an@x O]+ DO O ~%,(0)

< x, (O () —an(Ox, (O] < x,(O[A" — aé X O]=W(O[H" - a‘L:: W (2]
It follows from (P1) and (P2) that

D () =W ([ —a ()], i=1.2. (2.1

By (2.1) we can derive

(A)If W (0) =max{x (0).x,(0)} = M, . then max{x ().x,()} =M. =0

(B) If W (0) =max{x (0),x,(0)} > M, take appropriate & =0, we have the following three

possibilities:

@ T5(0)=x,(0)> M, (x,(0) > x,(0)):;
() T(0) =x,(0) > M., (x,(0) < x,(0)):
(© W,(0)=x,(0)=2x,(0)> M,.

If (a) holds. then there exists £ =0, r [0.£). we have W[ (f) =x(1) = M,. then we get
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o

DWW =x()= af:_H"l 3 [?.l— -W(ND]=-ax<0.
dyy

If (b) holds, then there exists £>0, ¢t €[0.£). and W (f) =x,(f) > M. and also we have

.?":

DT, () = 5,() £ g ()]

-] =—a <.
2y

If (c) holds, 2 similar argument in (a) and (b) shows that

ol

DI (t) = %,() < alF(O)[- — ()] < —a <0, i=10r 2.

”
A

From what we have been discussed above, we can conclude that if 777 (0) = M, , then W

is strictly monotone decreasing with speed at leastcr | so there exists T} = Osuch thatif ¢ =7, we

have W (f)=max{x (¢).x,(t)} = M, Whichis

limsup x,(f) < M, = M, = max{"—_ 2}, 2.2)
—-x ﬂ[: ﬂ:g‘_-\.
limsupx,(t) = M, = M, = max{—.—-}. (2.3

According to the fifth equation of system (1.12), we have

(1) = ¢ (t) = £(Ou, @) +g,(O)x @)

se —fiu(t)+q M.
By Lemma 2.1, we have
limsupa, (<58 _ 5 2.5)
— -fl
From the sixth and seventh of system (1.12), we have
u (1) = e () = f1 (O (8) — g, (1) (1) 26
<o, (1)~ ), () < e — fiuy (o), B
ty(t) = ey (1) — f5(0)u; (£) — g5 (£)x,(2) on

e, ()= £ (r) < & — fiu (7).

Bv Lemma 2.1, we can get

.

e

limsupu, (i) = —= =N,. (
i—+mo f;"
- e’
limsupu; (1) = == N,. (
[+ f;
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For the third and fourth equations of system (1.127,
a;, (Nx (1 — 1)

b (O)x; () + x, (e — 1)

£ x4 (O)[-r @)+ a5 (1) —ay, () x, (1 — 13) + d, (Huy (1]

<507 +ay -ax,E-1n)+d N1,

X% (1) =, () [ (D +

— 2y, (), (f —1,) + d, (), (1)]

ay ()5 (- 1)
5_4(2‘)_7_'4 {f) +x (r— 1:'5)
<X, (1) [_?‘4 () + ay (t)— s (1) Xy (t— I, )_|_‘_,2r3 {.f}u3 ©]
O+ a2y

(1) = x, ([ () + —a () (8 — 1)~y (D) (1)]

Let x;(f) be the maximum of x;(7). then from (2.10) and we have
0=%(F) S50 +d; —dx, (T 1) +d)' N, 1.
By the initial conditions (1.13), we can obtained that x,(¢) > 0. from (2.12), we will get

£ mar ']
3 d +d, N, — 7
nit-n)s——r—o

a3
Let x,(7) isthe maximum of x,(7) , from (2.11) we can obtain
0=1x,(t) x,(O[-7 +af —a,x,(f —1,)+d]'N,].
With initial conditions x,(f) > 0. and from (2.14). we can get

moy o pmar ]
agtdy N; —n

o P8

x(f —1,) <

Integrating from 7 —7, to ¢ onboth sides of (2.10), we have

x;(?}
x(f —1y)

= %, (1) = x,(F —1.)expl(all +dI'N, — )z, ],

1= [ (= +al +d]N,ar
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2.13)

(2.14)

(2:15)

(2.16)
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By (2.15) and (2.16), if (H,) holds, we have

; Ayl Ny =T
limsupx: () £ x.() = ﬂ!—l—"—r{
I=+m ) ) a:ﬁ

Similarly, integrate from 7 —7, to 7 onboth sides of (2.11),. we derive that

2 < [* (s aedr N
x-l.{lr _TE} L e 3 i 3

=%, () < x, (T — o, yespl(a, +dy Ny, -8 ).

From (2.13) and (2.18), if (H,)holds. we can obtain

@y +ey Ny — 7

lim sup x,(2) = x,(7) = =—=——exp[(a}; +d;'N, — ) r]=M,.

sy

On the other hand, from the first equations of system (1.12), we have

¥ _ _ _ ] {I).T; {"T) _ ﬂ:41:f}lx4 {3)
1O =000 O%0 = O n®  h®xO) 50

—d (), (£)] + Dy (£)(x, (1) — %, (1))

=X (f}[?‘l(f} -4y (I}Il (£)— iz ':r:'.fbs(r} iy {:);514 (t)— dl(f}“: (£)—

= x (O —alix(t)—ali /b _‘-'If'i/{’-zﬁj-t —d"N,-Df"].

By Lemma 2.2, if (H;) holds, we have

lunmf X-_{I) > ?-l _a3 J'I{bl: _ad-illr"}"l— _alm‘?\'l'_ - DZ =

t—+m a_"i

1

For the second equation of system (1.12)

% (1) = 2, (0) [ (2) — aqy ()2, (3] + D () (3, (2) — x4, (7))
2 %, ()7 (1) — @y ()%, (6) = Dy (9] = %, ()73 —ax, (6) - Dy,

From assumption (H.) and by Lemma 2.2, we can get

liminf x, () 2 222 =,

" rs

o]

By the fifth equation of system (1.12), we have

w(t)=e(t)— £t () +q,(t)x,(t)
26 — fi"u () + gim,.
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(2.17)

(2.18)

(2.19)

D (1)]

(2.20)

(2.24)
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By Lemma 2.1, we have

e tam _
Jﬁ?ﬂ.

For the sith and the seventh equations of system (1.12)

iy (1) = e, (1) — f1()u, (£) — g, (£)x; (2)

liminf & (f) = 7, (2.25)

: (2:26)

ze;— fu(t)—qr M.

(1) = e (1) — fi(0u; (1) — g: (D)%, (1)

. ; (227

2 e — fyu(t)—gqy M.

If (H;) and (H;) holds, by Lemma2.1, we have
liminf u, () 2 ﬁ =7, (2.28)
liminf o, () > fﬂ — (2.29)

According to the third equations and the fourth of svstem (1,127 we have

a, (Dx(E-1)
At (D+xit—1)
z G(O-n ) -6 (Ox, @t - 1) +d; O O] 2 6 @O —anx( -1+ d:':HJ 1

(2.30)

%3 () = xy (D[ (2) + — a3, ()%, (t — 1)+ d; (D, (1]

ay (D% -7;)
by ()x, () +x(t—13)

> x, (-7, () —a, (Ox, (t — T, )+ (Ow, ()] 2 x, @O —alx, (¢ —1,)+din].

X, (8) = x, ()7 (D) + —a ()% (f — 1) Hd; (Dus ()]
@31

Let x;(#).x,(t) arethe mimmum values of x;(t)and x,(z), by (2.30) and (2.31), we get
=) =50l —aix,(t -1)+dn). (2.32)
0=%,(2) 2 x, (O —alix, (2 — 1, )+din,]. (2.33)

From the initial conditions X (f) > 0 and (2.32), we have

1 — M
R Pt LT (2.34)

it

Ay,
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Similarly, with inttial conditions X, (£) >0 and (2.33). then we obtain

Integrating both sides of (2.30) on the interval [f — Tye t]. we have

Xl f a " - :
_old) 12| (= —anM, +dm)dt
X(L—1) b= 7 o (2.36)
— X; (L} = X {£ — T ) EKP[I:&FZ ¥y — -J';; = a;,—ur: :I (1 ]:
From (2.35) and (2.36). if (H.) holds, we derive that
E H I:f;il'l': X ?.:1 il ™ # F
hminf x, (1) = x, (1) = —=———exp[(d;m, -1y —a;, M )1, ]=m,. (2.37)
14 V. as
43

By a similar argument, integrate from f —7, to ¢ on both sides of (2.31), we have

—=="1= ’ (=" —ali M, +din, )dt
x,(t —13) [ oo e (2.38)

= x,(2) 2 x,(¢ — 7y Yexpl(din, — 77" —al M), 1.

Similarly, by (2.34) and (2.38) if (A )holds, we can get

.. ﬂ"-l;?’l- - .?"-a: I - W
liminf x,(0) 2 x,(0) 2 2 expl(dim ~ 7 ~aSMOT]=m. (239)

=r

From (2.2), (2.3), (2.5), (2.8), (2.9), (2.17),(2.19) and (2.21), (2.23), (2.25), (2.28), (2.29), (2.37),
(2.39), this ends the proof of Theorem 2.1.
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