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Abstract:-

After establishing a metric over the vector space of the bivariate random quantities which are the components of a generic
quadruple divided random quantity I establish a metric over the vector space of the quadruple divided random quantities
in order to show that a coherent prevision of a generic bivariate random quantity coincides with the notion of a-product.
Therefore, metric properties of the notion of a-product mathematically characterize the notion of coherent prevision of a
generic bivariate random quantity. I accept the principles of the theory of concordance into the domain of subjective
probability for this reason. This acceptance is well-founded because the definition of concordance is implicit as well as
the one of prevision of a random quantity and in particular of probability of an event. By considering quadruple divided
random quantities I realize that the notion of coherent prevision of a generic bivariate random quantity can be used in
order to obtain fundamental metric expressions of quadruple divided random quantities.
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1 INTRODUCTION

It is necessary to distinguish logical aspects from the psychological ones related to random quantities. This distinction is
methodologically fundamental ([6]). Logical aspects pertain the logic of certainty as well as the logic of the probable.
They are dealt with by mathematics. The logic of certainty does not use the notion of probability ([8]). It is called so for
this reason. What is objectively possible belongs to the logic of certainty and it is different from what is subjectively
probable. It makes sense to express one’s subjective and non-predetermined opinion in terms of probability only in respect
of what is possible or uncertain at a given instant. One always means uncertainty as a simple ignorance: it ceases only
when one receives certain information. The logic of certainty is always characterized by two different and extreme
aspects. The first aspect is negative because it deals with situations of non-knowledge or ignorance or uncertainty from
which one determines the set of the possible alternatives of a random quantity: when a given numerical value is not either
certain or impossible it is possible and it consequently belongs to such a set. The second aspect is positive because it deals
with the definitive certainty expressed in the form of what is certainly true or certainly false. Every possible numerical
value of a random quantity definitively becomes 0 or 1 when an empirical observation, referring to it, is made. Therefore,
into the logic of certainty exist certain and impossible and possible regarding to the first aspect, true = 1 and false = 0 as
final answers regarding to the second aspect. Conversely, the notion of probability is of interest to an intermediate aspect
which is included between the two extreme aspects characterizing the logic of certainty ([7], [9]). Indeed, the probability
is distributed as a mass by a given individual over the domain of the possible alternatives before knowing which the true
alternative to be verified is. This aspect is positive but it is weak and temporary because he is awaiting information which
would give him the definitive certainty. Probability is an extralogical notion in the sense that it is outside of the logic of
certainty ([12], [13]). The value of the notion of probability does not transcend the psychological value that such a notion
has with regard to each individual. Moreover, the value of the notion of probability is not independent of such a
psychological value. Therefore, a living, elastic and psychological logic is considered: it is exactly the logic of the
probable. Probability calculus has a very special character in this conceptual context because common sense plays the
most essential role and it is mathematically expressed as objective conditions of coherence ([15]).

2 A geometric representation of univariate random quantities

A univariate quantity X is really random for a given individual when he does not know its true numerical value. Therefore,
he is in doubt between two or more than two possible values. These values belong to the set I(X) = {x',...,.x"}. Only one
possible numerical value of /(X) will occur “a posteriori”. Each random quantity justifies itself “a priori”. Every finite
partition of incompatible and exhaustive events representing a random quantity shows the possible ways in which a certain
reality may be expressed. A multiplicity of possible values for every random quantity is only a formal construction that
precedes the empirical observation by means of which a single value is realized among the ones of the set of the possible
alternatives ([11]). Each event is a specific random quantity because it admits only two possible values. It does not admit
more than two possible values like a random quantity. The same symbol P denotes both prevision of a random quantity
and probability of an event ([14]). An event is conceptually a mental separation between sensations: it is actually a
statement such that, by betting on it, one can establish in an unmistakable fashion whether it is true or false, that is to say,
whether it has occurred or not and so whether the bet has been won or lost ([5]). It is not at all a logical restriction to
consider finite partitions of incompatible and exhaustive events. If one wonders which is the event that will occur among
an infinite number of them one can never verify if each statement representing a single event is true or false. These
statements are infinite in number, so they do not coincide with any mental separation between sensations. Therefore, they
are conceptually meaningless. I denote by (1) S a set of univariate random quantities. Every random quantity belonging to
the set (1) S can be represented by a vector x € E,, where E,, is a vector space m-dimensional over the field R of real
numbers. It has a Euclidean structure. The different possible values of every random quantity of (1) S are m in number,
where m is an integer. It turns out to be (1) S € E,. The different possible values of X belonging to the set /(X) coincide
with the different components of x and they can indifferently be denoted by a covariant or contravariant notation after
choosing an orthonormal basis of E,,. Such a basis is given by {e;}, j = 1, m. I should exactly speak of components of x
having upper indices or lower indices because I deal with an orthonormal basis of E,. Indeed, the usage of the terms
covariant and contravariant is geometrically meaningless because the covariant components of x coincide with the
contravariant ones. Nevertheless, it is appropriate the usage of this notation referring to them because a specific meaning
regarding to them will be introduced. Having said that I will continue to use these terms. Thus, I choose a contravariant
notation with respect to the components of x so it is possible to write x = (x) while I choose a covariant notation with
respect to the components of p so it is possible to write p = (p;), where p; represents a subjective probability assigned to
x,i=1,.., m, by a given individual at a given instant and with a certain set of information. Hence, different individuals
whose state of knowledge is hypothetically identical may choose different p; because each of them may subjectively give
greater attention to certain circumstances than to others ([10]). A given individual is into the domain of the logic of
certainty when he considers only x € E,, while he is into the domain of the logic of the probable when he considers an
ordered pair of vectors. It is expressed by (X,p) € E,. Thus, a prevision of X is given by

PX)=X =xp, 1)

Where I imply the Einstein summation convention. This prevision is coherent when one has 0 <p;<1,i=1,...,m, as well
asli=1 Pi = 1 ([1]). This implies that a coherent prevision of X always satisfies the inequality infI(X) < P(X) < supl(X)
and it is also linear, that is to say, one has P(aX +bY +cZ+...) = aP(X)+bP(Y)+cP(Z)+... for any finite number of univariate
random quantities, with a, b, c, ... any real numbers. In particular, from P(X +Y) = P(X)+P(Y) follows an additivity property
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of P. A coherent prevision of X can be expressed by means of the vector x = (x ') that allows to define the transformed
random quantity y7: it is represented by the vector «t = x—x whose contravariant components are given by

=x—x )
This linear transformation of X is a change of origin or translation. A coherent prevision of the transformed random
quantity yz is necessarily given by

P (x) = (x'—x ) pi=0. 3)
The a-norm of the vector x is expressed by

IIx[|5 = (') ps (4)
2 2
It is the square of the quadratic mean of X. It turns out to be [x[& =0. In particular, one writes [X]la =0 when the possible

values of X are all null: this is a degenerate case. Hence, one says that the a-norm of the vector x is strictly positive. The
a-norm of the vector representing x7 is given by

2 2 2
Ixtlle = (x')"pi = ox. 5)
It represents the variance of X in a vectorial fashion. I will later explain why I use the term a-norm.

3 A geometric representation of bivariate random quantities

I denote by (2 S® a set of bivariate random quantities and by X12= {1.X,»X} a generic bivariate random quantity of this set.
A pair of univariate random quantities X' 2x) evidently represents an ordered pair of univariate random quantities which
are the components of Xj,. Each element of 2 S ® can be represented by an affine tensor of order

2 denoted by T€ E,(n2 ) = m QE,,. Therefore, the possible values of Xi, coincide with the numerical values of the
components of 7. The dimension of E,, as well as the number of the different possible values of every univariate random
quantity of Xi, is expressed by m. Thus, T is an element of a vector space m>-dimensional. Moreover, it turns out to be
2S? < E,@. 1 choose an orthonormal basis of £, in order to represent the possible values of Xj,. These values coincide
with the contravariant components of 7 so it is possible to write

T — (.l )x Q,{) (z}x — {”Xil (Z]XQEEI ® eiZ‘ [6)

The tensor representation of X1, expressed by (6) depends on (1.X,2X). Indeed, if one considers a different ordered pair (2.X,
1x) of univariate random quantities one obtains a different tensor representation of X, expressed by

T = )X ® X = X2 yx'e;, B, (7)

Because the tensor product is not commutative ([22], [23]). Therefore, the components of 7" expressed by (7) are not the
same of the ones expressed by (6). Both these formulas express an affine tensor of order 2 whose components are different.
I have consequently (1)x @@)x 6= 2x @yx. | must at the same time consider (6) and (7) in order to release a tensor
representation of X, from any ordered pair of univariate random quantities which can be considered, (1.X,2X) or (2X;1.X).
This means that the possible values of a bivariate random quantity must be expressed by the components of an
antisymmetric tensor of order 2. It is expressed by

=5 (X" %% = ()X X" e, ®eiy. (8)
i 5 i o
The number of the components of an antisymmetric tensor of order 2 is evidently different from the one of the components
of an affine tensor of the same order. Thus, a tensor representation based on an antisymmetric tensor of order 2 does not
depend either on (1.X,2X) or (2X,1X). I choose it in order to represent a generic bivariate random quantity Xi». Therefore, 12
fis an antisymmetric tensor of order 2 called the tensor of the possible values of Xj,. The contravariant components of 1>
fexpressed by

- i
L fii) — w*  m*
12, i iz

(2) (2) ©9)
Represent the possible values of Xi, in a tensorial fashion. These components are equal to 0 when they have equal indices.
It is evident that the vector space of the antisymmetric tensors of order 2 does not have a dimension equal to m?but it has
a dimension equal to ”». Now, I must introduce the probabilities into this geometric representation of Xj». It is possible to
say that the tensor of the joint probabilities p = (pi1i2) is an affine tensor of order 2 whose covariant components represent
those probabilities related to the ordered pairs of components of vectors representing the marginal univariate random
quantities X and »X of Xi». In order to define the covariant components of 12 /T must consider those vector homographies
that allow me to pass from the contravariant components of a type of vector to the covariant components of another type
of vector by means of the tensor of the joint probabilities under consideration. Indeed, the covariant components of 15 f'
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represent those probabilities related to the possible values of each marginal univariate random quantity of Xi>. These
components are obtained by summing the probabilities related to the ordered pairs of components of (1)x and (2)x: putting
the joint probabilities into a two-way table I consider the totals of each row and the totals of each column of the table as
covariant components of 12 /. In analytic terms one has (y''pnia = a2 and @x?pii2 = @il by virtue of a specific
convention that I introduce: when the covariant indices to right-hand side vary over all their possible values I obtain two
sequences of values representing those probabilities related to the possible values of each marginal univariate random
quantity of Xi». They are the covariant components of 12 /. It turns out to be

e (M {_1]~"~"f:2,”r'251 “].rl:lp,-lfz
@% @%| |@¥ Pai @' Pii|

1285 (10)

. .. . .. . caxlpp e =t J,
The covariant indices of the tensor p can be interchanged when it is necessary so one has, for instance, 'V Bid =Ty P

4 An essential metric of univariate random quantities

The vector space of univariate random quantities which are the components of bivariate random quantities is denoted by
@ SV € E,. These univariate random quantities are represented by two vectors, (1)x ¢ 2)x, belonging to E,. I deal with
two ordered mtuples of real numbers when I am into the objective domain of the possible alternatives. An affine tensor p
of order 2 must be added to the two vectors under consideration when I pass from the domain of the possible alternatives
to the one of the evaluation of probabilities. Therefore, I always consider a triple of elements. I transform the vector x

into the vector x’by means of the tensor p. Hence, it is possible to write the following dot product
. .

(UX . {E)X = {_l}"‘“ [.2}_‘.\‘!21)“;,_, = (1 J)ﬁ'] (Zj'ril . (l ])
I note that _
@)%, = @)% P = @)X (12)
is a vector homography whose expressions are obtained by applying the Einstein summation convention. Then, the a-
product of two vectors, (1) x and (2)x, is defined as a dot product of two vectors, (1)x and (2)x°, so I write

!

HXO X=X X, (13)
In particular, the a-norm of the vector ()X is given by

, , . .
layxlla = " " Piic = X" )% (14

I use the term a-norm because I refer to the a-criterion of concordance introduced by Gini ([24], [25]). There actually
exist different criteria of concordance shown by Gini in addition to the a-criterion. Nevertheless, by considering quadratic
measures of concordance it always suffices to use the a-criterion. When I pass from the notion of a-product to the one of
a-norm [ say that the corresponding possible values of the two univariate random quantities under consideration are equal.
I also say that the corresponding probabilities are equal. Therefore, the covariant components of the tensor p = (piiiz)
having different numerical values as indices are null. Thus, I say that the absolute maximum of concordance is realized.
Given the vector y = (hXx +A2)x, with A € R, its a-norm is expressed by

Iyl = ”(1)"”(21 +2A((1)X © (2)X) +A:”(2)X”; (15)

It is always possible to write Hyllé 20. Moreover, the right-hand side of (15) is a quadratic trinomial whose variable is 1,

2 .
so I must consider a quadratic inequation. All real numbers fulfill the condition stated in the form [¥[l& =0. This means
that the discriminant of the associated quadratic equation is non-positive. I write

. 2 2 2
Ay :4[((1)"@(2)") *H(l)xHa“(Z)x”a].
Given A, <0, it turns out to be

2 2 2
(NXOp)Xx)” < ||“)x||a||(3)x||a)
so I obtain

l1yX © X[ <l Xllall o)Xl (16)
The expression (16) is called the Schwarz’s a-generalized inequality. When 4 = 1 one has y = ()x +@)x. By replacing
((l)x © (2)x) into (15) with X1yxk.52)xk, one has the square of a binomial given by

2 2 2
X+ 2 Xlla = ll1)xlla + 2l xllallp)Xlle + ||(2)x||;,)

So one obtains

X+ @Xlle < llgXlle + [l g)xle- (17)
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ly

The expression (17) is called the a-triangle inequality. Dividing by Xllall)Xlla both sides of (16) one has

()X O )X
Il(l]xlla[l(z,xlla

that is to say,
X © )X

L 1,
”(I)XHHH(Z)XHH

so there exists a unique angle y such that 0 <y < 7 and such that

XX
Cosy = _ @7 J (18)
”(”X”U H(z)xHﬂ
It is possible to define this angle to be the angle between the two vectors ()x and 2)x.

By considering the expression (13) it is also possible to define it to be the angle between (1)x and (2x’.

5 An essential metric of bivariate random quantities

I deal with the vector space denoted by (2)S®* whose elements are antisymmetric tensors of order 2. Nevertheless, by
introducing the notion of a-product of two antisymmetric tensors of order 2 I must underline a very important point: it is
not necessary to refer to the bivariate random quantity X, in order to introduce that antisymmetric tensor whose covariant
components are represented like into the expression (10). Therefore, it is also possible to consider a bivariate random
quantity denoted by X34 as well as an antisymmetric tensor of order 2 denoted by 34 f whose covariant components are
expressed by

(3% (3% (3}szpfzh (3)-"i11’f|iz
@Xi  (4)*h {4}x12p;25| {4)"J1Pf|fz-

34‘}(‘{_“ i)

(19)

Thus, it is possible to extend to the antisymmetric tensors 12/ and 34 f the notion of a-product. This means that one can
examine the domain of the possible alternatives in a more complete fashion ([16]). Then, one has

i iy
L) _ Nt o*?l|e*a ok 20)
2 iz ?
"’ ) 2" X @ @k

. 1 . . . . .
where it appears 2 because one has always two permutations into the two determinants: one of these permutations is
“good” when it turns out to be i; < i> regarding to (1x'!2px2 and yx:14yx;2 while the other is “no good” because it turns out

to be i> > i) regarding to 1?2’ and Gy 2@yx;1. Hence, I am in need of returning to normality by means of % Such a
normality is evidently represented by i; < . I need different affine tensors of order 2 in order to make a calculation given
by the expression (20). These tensors of the joint probabilities allow me of defining the bivariate random quantities X3,
X4, Xo3 and Xo4. Thus, one has

1 i (13) (14)
x"' X2p; x'2 _x"p
(3 ini (1) (4) ijir
2f ©af = 5 )b {) & ]24} (2D
tz}" 3)* pm. @)% (4 Pnh
In particular, the a-norm of the tensor 1, f'is given by
2t lIe = 12f ©12f = 2/ " 12 S, (22)
so it turns out to be
i ; it il iy i (12)
i f I = = (1} O % aye| |0 o Pui o 0@ Piis | o
% s X2| | n s i £ apt2l 2 |
2 |2 (2) @)% (2)72 o)) e = TR ) w5
Anyway, it is always possible to write
@ aef = (X (_-_)(3})( X © X 24)
127234 @XO3X @%@ X -
as well as
liaf % = ||(|)XHEJ£ (X O X (25)
1 e (g)x@(l)x ||(2)XHZ‘C

The a-norm of the tensor 12 f'is again strictly positive. It is equal to 0 when the components of 1, f are all null and when
one can write (HX = A2)X, with 4 € R. I define the tensor f'as a linear combination of 1,/ and 34 f'such that I can write /= |,
f+A3af, with A € R. Then, the Schwarz’s a-generalized inequality becomes
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[12f @3af | < 2 f llell3af M s (26)

Thea-triangle inequality becomes

l2f +3af o < lli2f lla+ |34 S [l (27)
While the cosine of the angle y becomes
12f ©34f

T T (28)
oS llellsaf lla

cosy =

6. A new meaning of the notion of coherent prevision of a generic bivariate random quantity

The notion of a-product depends on three elements which are two vectors of E,,, (yx and (2)x, and one affine tensor p =
(piri2) of order 2 belonging to E,? = E,, QE,.. Given any ordered pair of vectors, p is uniquely determined as a geometric
object. This implies that each covariant component of p is always a subjective probability. It must intrinsically be coherent
([4]). With regard to some problem that may be considered it is possible that all reasonable people share each covariant
component of p. Nevertheless, an opinion in terms of probability shared by many people always remains a subjective
opinion. It is meaningless to say that it is objectively exact. Indeed, a sum of many subjective opinions in terms of
probability can never lead to an objectively correct conclusion ([3]). Thus, given a bivariate random quantity X1, = {1X2X},
its coherent prevision P(X2) is an a-product whose metric properties remain unchanged by extending them to P.
Therefore, P is a a-commutative prevision because it is possible to write

P(1X2X) = P(2X1X), (29)
P is an a-associative prevision because it is possible to write
P[(41.X)2X] = P[1.X(22X)] = AP(1.X2X), VA ER, (30)
P is an a-distributive prevision because it is possible to write
P[(1X+2X)3X] = P(1LX:X)+P(2X:X). 3D
Moreover, when one writes
P(1X2X) = P(X1X) =0, (32)

And all possible values of 1.X and »X are not null, one says that .X and »X are a- orthogonal univariate random quantities.
In particular, one observes that the a-distributive property of prevision implies that the covariant components of the affine
tensor p (19 are equal to the ones of the affine tensor p ?¥. Moreover, the covariant components of the affine tensor related
to the two univariate random quantities . X+,X and ;X are the same of the ones of p ¥ and p ®¥. By considering a bivariate
random quantity one finally says that its prevision P is bilinear. If the possible values of the two univariate random
quantities of X12= {1.X2X} are correspondingly equal and the covariant components of the tensor p = (p;1i2) having different
numerical values as indices are null, then P(Xi12) = P(1X2X) = P(2X1.X) coincides with the a-norm of (1)x = 2x. If P(X12) is
a coherent prevision of Xj»= {1.X,»X}, then its univariate random quantities, 1.X and »X, represent two separate and finite
partitions of incompatible and exhaustive events whose non-negative probabilities sum to 1. These are objective
conditions of coherence ([2], [19], [20]). It is evident that each covariant component of p = (pi1i2) represents a probability
of the joint of two events which includes a conditional probability of an event given the other. Hence, by denoting by 4
one of the possible values of (X and by B one of the possible values of 2X it turns out to be P(4AB) = P(4)P(B|4) =
P(B)P(4|B), with AAB = BAA, as regards each covariant component of p ([17], [18], [21]). I denoted by AAB = BAA the
logical product of two events while I considered P (4AB) as a probability of their joint. In general, from the notion of
conditional probability denoted by P(E|H) it is always possible to deduce that the notion of subjective probability is
relative to the current state of information of a given individual represented by H. This operationally means that P(£|H)
is the price to be paid for a conditional bet which is annulled if H does not occur. Conversely, this conditional bet is won
if H and E occur while it is lost if H occurs and E does not occur. I evidently considered a tri-event denoted by E|H with
values 1|1 =1, 0|1 =0, 0|0 = 10 = 0/ into the logic of certainty. It represents only a formal variation with respect to the
starting delimitation because 0/ = void is added to the two starting values 1 = true and 0 = false. Any tri-event can always
be expressed by means of two events from a conceptual point of view. This means that all tri-events are only formally
meaningful. Given a transformed bivariate random quantity x12¢ = {1Xz, 2Xt}, its coherent prevision P(x12/) is again an
a-product whose metric properties remain unchanged by extending them to P. In particular, when it turns out to be p;ii> =
piapi, Viy,ix € I, with I,,= {1,2,...,m}, one observes that a stochastic independence exists. Hence, one obtains P (y127) =
0, that is to say, the vectors ()t and (ot are a-orthogonal. One equivalently says that the covariance of 1.X and 2X is equal
to 0.

7. A quadruple divided random quantity

In general a quadruple random quantity always consists of four univariate random quantities. The number of the possible
distinct values of each univariate random quantity is again equal to m, where m is now an integer > 4. Nevertheless, a
quadruple divided random quantity always consists of two bivariate random quantities denoted by X, and X34 in this

context. I precisely denote by X1 ={X12, X34} quadruple divided random quantity. I actually deal with six bivariate
random quantities denoted by Xi2, Xi3, Xi4, X23, X24 and X34 but two of these six bivariate random quantities, X1, and X4,
play a different logical role in relation to the one played by Xi3, Xi4, X23 and Xa4.

I must consequently consider six affine tensors of order 2 denoted by p?, pU3, p19, p@3 pH and pB¥: they are the
tensors of the joint probabilities whose covariant components represent those probabilities related to the ordered pairs of
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components of vectors representing the marginal univariate random quantities of each bivariate random quantity under
consideration. There exist different cases justifying an interest in this type of random quantity. For instance, it is possible
to examine two bivariate random quantities like a shot. The first bivariate random quantity is Xi» = {1.X>X} and it is related
to a given individual, where X represents a univariate random quantity whose possible values are his assets while »X
represents a univariate random quantity whose possible values are his incomes. The second bivariate random quantity is
X34= {3X4X} and it is related to another individual, where 3X represents a univariate random quantity whose possible
values are again his assets while 4+X represents a univariate random quantity whose possible values are again his incomes.
After considering p('? and p©®¥ I am able to measure any quantitative difference between (X and 3X. Anyway, such a
difference can also depend on relationships between 1.X, 3.X and 2.X, 4X. Moreover, by considering p‘'¥ related to X4 and
p®related to X>3 I can suppose that X1, and X34 are two bivariate random quantities such that it turns out to be 2.X = 4X.
Thus, it is evident that it is possible to examine assets of the two individuals under consideration in a more meaningful
fashion. By supposing that X1, and X34 are two bivariate random quantities such that it turns out to be 1.X ~3X one realizes
that to examine all six bivariate random quantities denoted by Xi», Xi3, X14, X23, X24 and X34 is then justified.

8. A geometric representation of a quadruple divided random quantity

12 . o .
The components of X34 = {X12, X34 }are always two autonomous bivariate random quantities. Each bivariate random
quantity is geometrically represented by an antisymmetric tensor of order 2 belonging to S@* € E,®A. Given an
orthonormal basis of E,, I must at first consider two affine tensors of order 2 expressed by

{]}x (o8] (2]3( = “fo] (Z]XEZEI'] (}_{JE,'E (33)

and
XD @X = ¥ @6 e, (34)
)
Where each tensor under consideration belongs to E, =E, QE., in order to represent the possible values of X
%i = {X12,X34}in a tensorial fashion. An antisymmetric tensor of order 2 representing X1, can always be written as

]2.)«‘(:]*':)9:.1 Aej, = Iz.f(iliz)e(hiz)’ (35)

Where ei1 Aeix = € 1i2) represents a basis of the vector space whose elements are antisymmetric tensors of order 2.
Therefore, an antisymmetric tensor of the same order representing X34 can be expressed by

34f“3i4)ei3 Nejy = 34f“3i4}8(f'3i4)' (36)
By considering at the same time (33), (34), (35) and (36) I obtain

12 (i1 (i3, :
3¢f = 12f (”'“}34.1’{!'“4)8{6@} © E(iziy) 37)
2 _
As a tensorial representation of the possible values ofX %1 = {X12,X34} The same thing obviously goes when one
. 2 _ . 12 _ .
considers X;%4 = {X34.X12} instead of X31 = {XIZ-X34}, S0 one obtains

12 ¢

) = 34f“'m) 12-)(‘““2)8(5354) © &(iyiy)- (38)
When one has (i1i2) = (i3is) it turns out to be

34 f%) lzf(mz}e(f_;i.ﬁ,) R Eli1in) = 34f(r'12) 13f(1w)£(i.ig) @ E(iyig)» (39)

so I finally write
BF = [ipf02) g fsi) — |, i) fOR)g oy Ay (40)

The tensor %4 f given by (40) is an antisymmetric tensor of order 2 whose contravariant components are expressed by

s o e (i1ia) (i3ig)
12 e(iyin,izig) 12] 12f ;
12 flivinsisia) - sl (41)
34 34f(fllz) 34]‘{!3!4)

With i) < i, i3 < isas well as i) < i3, i2 < is. By denoting by (2,5"® the vector space of the tensors representing quadruple
divided random quantities one obtains (2;** = (2)S®A 2, S@7 The dimension of this vector space is equal to ™4. After
considering the tensors p (! and p®¥ which are related to the two bivariate random quantities X12 and X34 of X'%341 can
write the covariant components of the antisymmetric tensor representing a generic quadruple divided random quantity
denoted by X'?s4: they are given by

2 ) 120

12 4
i ! (42)
(12, E3ia) uliny 3G

And they include four sequences of values: two sequences are related to 12 f while two sequences are related to 34 /. The
two sequences which are related to 12 f represent those probabilities related to the possible values of each marginal
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univariate random quantity of Xi» while the two sequences which are related to 34 f represent those probabilities related to
the possible values of each marginal univariate random quantity of X34.

9. A metric of quadruple divided random quantities

A generic quadruple divided random quantity denoted by X'%34 is represented by an antisymmetric tensor of order 2
denoted by %34 fand belonging to (2**. The notion of a-product implies that I am able to introduce another antisymmetric
tensor of order 2 belonging to (2,$"® and denoted by %75 /. This operationally means that I am able to study the domain
of the possible alternatives in a more complete fashion. Therefore, a a-product between %34 fand 3675 fis given by

ﬁf{mz ) ;2 i 12-}(‘{;:”:2} IZfU 1) qf’f‘mz) Sﬁf{nu) (43)
) W) 3 z&atf{”EZJ 34f( THfmz) TSf(fm
I can also write
f“”z i3ig) f i) - 12]‘ Q)Sﬁ.f: sz \j\ 7&[ . (44)
1S Osef S Opf
Given (44), it is possible to write
X @ (5)X X© X
—G)7 ()T
12f @sef = . (45)
@XP5X @XCO@X
X® X X®
iof @qgf = |1~ (D () (46)
(Z)X(y(-‘,}x ( )x (:J{ )
X® X X @ X
uf Gl = (S)X(_;‘(ﬁ)x (“’}X( (6) 47)
@XO X @XO X
and
X nX ) o X
auf Oggf = | 0 G ~®) 48)
@Y m* @Y et
An a-norm of _ﬁf is given by
202 _ | hofla  12f ©sf -
Fle=1 "= "8, ) (49)
34/ lle 3 © o f “34f||§x

Given the two antisymmetric tensors '%34 fand %75 f of order 2 belonging to (2)A®, it is possible to write an antisymmetric
tensor of order 2 denoted by f'as a linear combination of these two antisymmetric tensors so I obtain

_Mf+l,ﬂleR

While its a-norm is given by

17115 = I55f + A% 113,

The Schwarz’s a-generalized inequality becomes

12 4 56 12 11 1156
3af O28f | <134f lell78f ller,

The a-triangle inequality becomes

+281 < 132 f lla+ 1387 1o,

While the cosine of the angle y becomes

12 (\JSf)
C()Sy:&.
133 e l38f [l

(50)

(51

(52)

(53)

(54)

Now, I consider two transformed univariate random quantities which are respectively 1X¢ and 2Xz. They are eV1dently
related to X12. They are represented by the vectors (1)t and )t whose contravariant components are given by ()f = ('

oy 'and o)t = @i —

ey I. Therefore, I introduce an antisymmetric tensor of order 2 denoted by 1»¢ which characterizes

the transformed bivariate random quantity denoted by xi2f. Then, the contravariant components of this tensor are given

by
m! !
(ZJ

(1)
(2)

1,’{(5112 =

12
12|

Its covariant components are given by
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sz( i) — “)I,] (|)I!2 — {.!)r.l_zlnizil {[)r”.nllll::_r
0iz) 7o

2 ' (56)
ol @iz (@ Pai @ Pii

By introducing an antisymmetric tensor of order 2 denoted by 34 which characterizes the transformed bivariate random
quantity denoted by x34 I obtain

(i3i ?J"h (%)I{'1
34?‘“'4) =|¢ 3 i (37)
4) (4)
and
I; I;
_ @B 3
; SR : (58)
34%(iziy) (_4)1,_3 (4)7}'4

A transformed random quantity related to a quadruple divided random quantity is represented by an antisymmetric tensor
of order 2 denoted by '%34¢ whose contravariant components are given by

(iri2) (i3ia)
12 (iyiz, izig) _ |12] 12
34l =\ i) i) |- (59)
34 34
Its covariant components are expressed by
L. . .
12 _ 12 {i|1)_;l 12 {r3£,¢}
34 iy in.iig) = - (60)

34’(!'”'2) 34{(!'3!'4)

Now, the Schwarz’s a-generalized inequality becomes

12, ~56 12 56
3t O 78t | < [|33¢ [|a[f7s¢ [lo 1)
The a-triangle inequality becomes

12 56 12 56
34t + 78t | < |33t [l + 1782 o, (62)
While the cosine of the angle y becomes

12, 256,y —5——
1t t
cos = OB B]alBS a3

10. Rewriting of some fundamental metric expressions and its reason
Now, it is possible to rewrite some fundamental metric expressions by using properly the notion of coherent prevision of
bivariate random quantities that I introduced. Therefore, when one rewrites (24) and (25) it is possible to obtain

. [PX3X)  P(1X4X) ;
|2.f (1"34.f - ‘P(ZXIX) P(2X4X)‘ (64)
and p( )P )
2 [PGXxiX Xa X
liaf = [pfais) Bosins ©9)

It is obviously possible to obtain similar results by rewriting (45), (46), (47), (48) and (49). On the other hand, it is known
that any vector viewed as an element of a given vector space can always be expressed as a linear combination of the
vectors representing a basis of the vector space under consideration. Hence, each linear combination is a division of a
vector into those vectors representing a basis of the vector space under consideration. An analogous thing goes by
considering (64) as well as (65), where one observes that coherent previsions of separate bivariate random quantities are
basic elements of the metric expressions under consideration. I evidently accept into the domain of subjective probability
a very meaningful principle borrowed from geometry according to which it is possible to divide a more complicated
mathematical object into simpler mathematical objects represented by coherent previsions of bivariate random quantities
in this context. Thus, it is possible to realize that a new and fruitful notion of coherent prevision of a generic bivariate
random quantity is introduced. Moreover, the above principle is conceptually fulfilled by considering systematically all
marginal univariate random quantities into a generic bivariate random quantity. A very important point must finally be
stressed: the notion of coherent prevision of a univariate or bivariate random quantity is not a mathematical convention.
It is an indirect mathematical notion because its foundation is the notion of prevision of the same random quantity which
is always a psychological notion in the first instance. I show a geometric approach which does not introduce arbitrary
mathematical conventions but it makes more important the distinction between an extralogical or psychological notion
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and a logic or mathematical notion which is nevertheless intrinsically connected to the former. According to such
mathematical conventions it would be possible to give a uniquely determined answer to an indeterminate problem because
of its data which are incomplete because they are only able to establish certain limits or boundaries. These conventions
must not be accepted for this reason.

11. Conclusions

I accepted the principles of the theory of concordance into the domain of subjective probability. This acceptance is well-
founded because the definition of concordance shown by Gini is implicit as well as the one of prevision of a random
quantity and in particular of probability of an event. Indeed, these definitions are based on criteria which permit to measure
them. I represented bivariate and quadruple divided random quantities in a tensorial fashion. I observed that metric
properties of the notion of aproduct mathematically fulfill the ones of a coherent prevision of a generic bivariate random
quantity. This geometric approach that I show is useful because it is possible to examine in a more complete fashion the
domain of the possible alternatives by extending the notion of a-product to two different antisymmetric tensors of the
same order. Indeed, with regard to any problem that one has to consider, there always exists an enormous number of
possible alternatives. If information and knowledge of a given individual do not permit him to exclude some of them as
impossible then all alternatives which can logically be considered remain possible for him in the sense that they are not
either certainly true or certainly false. In particular, this means that it is possible to consider different bivariate and
quadruple divided random quantities in addition to the starting ones. This tensorial approach allows of representing a
bivariate random quantity regardless of any ordered pair of univariate random quantities which are the components of the
bivariate random quantity under consideration. Of course, it also allows of representing a quadruple divided random
quantity regardless of any ordered pair of bivariate random quantities which are the components of the quadruple divided
random quantity under consideration. The number of the components of an antisymmetric tensor of order 2 decreases by
passing from an affine tensor of order 2 to an antisymmetric tensor of the same order and this is useful in order to satisfy
simplification and compression needs. I introduced fundamental metric expressions referring to transformed random
quantities representing changes of origin obtained by using a conceptually and operationally complete notion of coherent
prevision of marginal univariate random quantities. By considering quadruple divided random quantities I realized that
the notion of coherent prevision of bivariate random quantities can be used in order to obtain fundamental metric
expressions of quadruple divided random quantities.

References

[1].  Coletti, G., Scozzafava, R.: Probabilistic logic in a coherent setting. Kluwer Academic Publishers,
Dordrecht/Boston/London (2002)

[2].  De Finetti, B.: Theory of probability. J. Wiley & Sons, 2 vol., London-New YorkSydney-Toronto (1975)

[3]. De Finetti, B.: Probability, Induction and Statistics (The art of guessing). J. Wiley & Sons, London-New Y ork-
Sydney-Toronto (1972)

[4]. De Finetti, B.: Probability: beware of falsifications! Studies in subjective probability. Edited by H. E. Kyburg, jr.,
H. E. Smokler. R. E. Krieger Publishing Company, Huntington, New York, 195-224 (1980)

[5]. De Finetti, B.: The role of “Dutch Books” and of “proper scoring rules”. The British Journal of Psychology of
Sciences 32, 55-56 (1981)

[6]. De Finetti, B.: Probability: the different views and terminologies in a critical analysis. Logic, Methodology and
Philosophy of Science VI (Hannover, 1979), 391-394 (1982)

[7].  Good, L. J.: Subjective probability as the measure of a non-measureable set.

[8]. Logic, Methodology and Philosophy of Science Proc. 1960 Internat. Congr., 319— 329 (1962)

[9]. Jeffreys, H.: Theory of probability, 3rd edn. Clarendon Press, Oxford (1961)

[10]. Koopman, B. O.: The axioms and algebra of intuitive probability. Annals of Mathematics 41, 269-292 (1940)

[11]. Kyburgjr., H. E., Smokler, H. E.: Studies in subjective probability. J. Wiley & Sons, New York, London, Sydney
(1964)

[12]. Pompilj, G.: On intrinsic independence. Bulletin of the International Statistical Institute, 35, 2, 91-97 (1957)

[13]. Ramsey, F. P.: The foundations of mathematics and other logical essays. Edited by R. B. Braithwaite with a preface
by G. E. Moore. Littlefield, Adams & Co, Paterson, N. J. (1960)

[14]. Savage, L. J.: The foundations of statistics. J. Wiley & Sons, New York (1954)

[15]. De Finetti, B.: The proper approach to probability. Exchangeability in Probability and Statistics. Edited by G.
Koch, F. Spizzichino, North-Holland Publishing Company, Amsterdam, 1-6 (1982)

[16]. De Finetti, B.: Probability and statistics in relation to induction, from various points of view. Induction and
statistics, CIME Summer Schools, Springer, Heidelberg 18, 1-122 (2011)

[17]. De Finetti, B.: Probabilism: A Critical Essay on the Theory of Probability and on the Value of Science. Erkenntnis
31, 2/3, 169-223 (1989)

[18]. Coletti, G., Petturiti, D., Vantaggi, B.: When upper conditional probabilities are conditional possibility measures.
Fuzzy Sets and Systems 304, 45—64 (2016)

[19]. Coletti, G., Petturiti, D., Vantaggi, and B.: Conditional belief functions as lower envelopes of conditional
probabilities in a finite setting. Information Sciences 339, 64—84 (2016)

[20]. Coletti, G., Scozzafava, R., Vantaggi, B.: Possibilistic and probabilistic logic under coherence: default reasoning
and System P. Mathematica Slovaca 65, 4, 863—890 (2015)

Volume-5 | Issue-1 | Jan, 2019

10



[21].
[22].

[23].
[24].

[25].

[26].

Coletti, G., Petturiti, D., Vantaggi, B.: Bayesian inference: the role of coherence to deal with a prior belief function.
Statistical Methods & Applications, 23, 4, 519-545 (2014)

Gilio, A., Sanfilippo, G.: Conditional random quantities and compounds of conditionals. Studia logica, 102, 4,
709-729 (2014)

McCullagh, P.: Tensor methods in statistics. Chapman and Hall, London-New York (1987)

Pistone, G., Riccomagno, E., Wynn, H. P.: Algebraic statistics. Chapman & Hall, Boca Raton-London-New Y ork-
Washington, D.C. (2001)

Gini, C.: Statistical methods. Istituto di statistica e ricerca sociale “Corrado Gini”. Universita degli studi di Roma,
Roma (1966)

Gini, C.: The contributions of Italy to modern statistical methods. Journal of the Royal Statistical Society, 89, 4,
703-724 (1926)

Volume-5 | Issue-1 | Jan, 2019

11





