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Abstract:-

To investigate implicative filters of hoops furthermore, we apply n-fold theory to (a, f)-hesitant fuzzy implicative filters
and introduce the notion of n-fold (o, p)-hesitant fuzzy implicative filters, and obtain some conditions for a (a,f)-hesitant
fuzzy filter to be a n-fold (a,[5)-hesitant fuzzy implicative filter. We also study the preimage and image of n-fold (o, p)-
hesitant fuzzy implicative filters.
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1. INTRODUCTION

Hoop-algebras or briefly hoops as ordered commutative residuated integral monoids satisfying a further conditions,
were introduced by Bosbach [1]. The study of hoops has experienced a tremendous growth and more and more algebraic
properties have been investigated [2, 3, 4]. In studying hoops, filters play an important role in the logical point of view
and various filters correspond to various sets of provable formulae. Kondo [5] considered that fundamental properties of
filters in hoops and proved that any positive filter of a hoop is implicative and fantastic. To extend the research to filter
theory of hoops, [6] gave the notions of some types of filters (positive) implicative filters, fantastic filters, associative
filters) in pseudo hoop-algebras and investigated their properties. [ 7] introduced the notions of n-fold (positive) implicative
filters,

There are many complicated problems in real life that involve uncertain data. The hesitant fuzzy set [8] is a very useful
tool to deal with uncertainty in avoiding such issues in which each criterion can be described as a hesitant fuzzy element
defined in terms of the opinions of experts and permits the membership having a set of possible values in decision making.
In the same time, hesitant fuzzy set theory has been applied to investigate algebraic structures, such as MTL-algebras [9]
and BCK/BClalgebras [10]. Yang et al. put forward a new hesitant fuzzy filterl(a,)-hesitant fuzzy filter, which is a
generalization of hesitant fuzzy filters [11]. To extend the research of alpha,B-hesitant fuzzy filter, Yang further studied
some characterizations of (a,f)-hesitant implicative fuzzy filters of hoops [12].

Considering that the notions of n-fold implicative filters [ 7] and (o.,3)-hesitant fuzzy implicative filters [12], we present
the notion of n-fold (o,p)-hesitant fuzzy implicative filters in hoops. Some characterizations of n-fold (a,)-hesitant fuzzy
implicative filters are discussed. The preimage and image of n-fold (o,pB)-hesitant fuzzy implicative filters are also
investigated.

2. Preliminaries
To facilitate our discussion, we first review some backgrounds of hoops and hesitant fuzzy sets.
An algebra (4, ®, —,1) of type (2,2,0) is called a hoop if it satisfies the following conditions: for any x,y,z € 4,
(HP1) (H, ®,1) is a commutative monoid,
(HP2)x - x=1,
HP3)x @ (x = y)=y @ (v = x),
HPH) x>y —2)=(xQy) —z.

In the following, unless mentioned otherwise, (4, ®, —,1) will be a hoop, which will often be referred by its support
set 4.
The order relation “<” on 4 is defined by x <y if and only if x - y =1 forany x,y € 4. Weputx Ay=x Q (x — y)

xX'=x®---@xifn>0and x* = 1.
e e
and denote n times

Proposition 2.1. [13, 14] Let (4, ®, —,1) be a hoop. Then the following assertions are valid: for any x,y,z € A,
(NDx®y<zifandonlyifx<y— z,

QD)xQ@Q(x—<yxQy<xAy<x—y,x<y—ux,
B)x—oy<@y—oz2)>Ex—2),yo>x<(z—>y) — (z—ox),

HEx—->y)—>E@—>2)sx—(—2),

BG)x—>(—-22)=xQQy) Dz=y—>(x—>2),

(6)ifx<y, theny > z<x—zzox<z—oyandx®z<y Q z.

Let F a nonempty subset of A. F is called a filter if it satisfies: for any x,y € 4, (i) x,y € F impliesx ® y € F; (ii)) x €
Fand x <y imply y € F. It is shown that a nonempty subset F of 4 is a filter if and only if for any x,y € 4, (i) 1 € F; (ii) x
€ Fandx — y € F imply y € F. Moreover, a non-empty set F of 4 is called an implicative filter of 4 if it satisfies that x
— (y—z)€Fandx —y € Fimplyx — z € F, for any x,y,z € 4 [7].

Definition 2.2. [7] Let F be a subset of A and n € N. Then F is called a n-fold implicative filter of A if it satisfies: for any
x,y,z €A

(1) 1€eF,

(2)x" >y —>2z2)€Fandx"—y€ Fimplyx"—z€F.

Definition 2.3. [8] Let E be a reference set. A hesitant fuzzy set H on E is defined in terms of a function h that when
applied to E returns a subset of [0,1], i.e.,
H = {(e,h(e))e € E},
where h(e) is a set of some different values in [0,1], representing the possible membership degrees of the element e € E
to H.
For convenience, the hesitant fuzzy set H will often be referred to by its function 4. In what follows, we take a hoop
A as areference setand @ € a c B < [0,1].
Yang et al. [11] introduced following notations. Let /4 be hesitant fuzzy set of 4. For any x,y € 4,
(1) h(x) Ss hO’) means that 4(x) N B S A(y) U a,
(2) 7(x) =5 h(Y) 11eans that (h(e) N B) U a = (h(x) N B) U a.
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h(x) :"b*. h(y) iff A(x) €% h(y) and h(y) g}; h(x). And so h(x) €% h(y) iff

It is easy to verify that " (h(x) N B) U aS(A(x)NP)U a.

Lemma 2.4. [11] Let h be a hesitant fuzzy set of A. Then for any x,y € A,
(1) h(x) €5 h(y) dh(\’) c /7('") l h( x) C h(Z)’

(2) h(x) C” h(\) implies h(r) = h(\) ﬂ /I(\)

3) h(x) C” /1(\)lm lies h(x) ﬂh( )C" /zQ) N h(z )

(4) h(x) C" ”(‘)andh( x) S bz )lmply JACIx e h(\)ﬂh( )

A hesitant fuzzy set & of 4 is called a (a B)-hesitant fuzzy filter if if it satisfies: for any x,y € 4, (i) A

() N A) S5 h(x @), (i) X <), implies that A% S5 "), It has been proved that a hesitant fuzzy set 4 of 4 is a (o,)-hesitant

fuzzy filter if and only if (1) h( x) S h(1), () h(x) O Ay —>y)—/f h(_y) for any x,y € 4 [11].

Definition 2.5. [12] 4 hesitant fuzzy set h of A is called a (a,B)-hesitant fuzzy filter if if it satisfies: for any x,y € 4,
(1) h(x) C“ h(l)

amuawnmuawaa%”uaa
Proposition 2.6. [12] Every (a,B)-hesitant fuzzy implicative filter of a hoop is a (a,B)-hesitant fuzzy filter.

Definition 2.7. Let A and A; be two hoops. A function f: A\ — Az is called a hoop-homomorphism if
(HAD=1,
(2) la ® b) =fla) ® f(b), 3) fla — b) =fla) — fib), for any a,b € A..

3. n-fold (a, B)-hesitant fuzzy implicative filters
In the section, we give the notion of n-fold (o,B)-hesitant fuzzy implicative filters of hoops, and present some
characterizations of it.

Definition 3.1. Let /i be a hesitant fuzzy set of A and n € N. Then h is called a n-fold (o,B)-hesitant fuzzy implicative filter
of A if if it satisfies: for any x,y € A,
(1) h(x) <4 /1(1)

@MWHﬁﬂMWH@H@fh

(x"— z).

Remark 3.2. (1) Notice that 1-fold (a,B)-hesitant fuzzy implicative filter of a hoop is a (a,B)-hesitant fuzzy implicative
Sfilter.

(2) The notion of n-fold (a,B)-hesitant fuzzy filters of a hoop generalizes the notion of (a,B)-hesitant fuzzy implicative
filters.

By taking x = 1 in Definition 3.1, it is to see that every n-fold (o,B)-hesitant fuzzy filter of a hoop is a (o,p)-hesitant fuzzy

filter.

Example 3.3. Let A = {0,a,b,1} be a set with Cayley tables as follows.

® 0 a b I — 0 a b I
00 00 0 0 I 1 1 I
a 0 0 0 a a b 1 1 1
b 0 0 a b b a b I I
10 a b I 1 0 a b I

Then (H, ®, —,1) is a hoop. Let a.= {0.2,0.3} and B = {0.2,0.3,0.6}. Define a hesitant fuzzy set h of A as

10.2,0.5}, =0,

{0.1,0.3,0.5}, t=a,
hit) =

{0.2,0.5}, t=h,

{0.,0.8}, =1

Routine calculations show that h is a 3-fold (o,)-hesitant fuzzy filter of A.

Theorem 3.4. Let h be a (0,p)-hesitant fuzzy filter of A of A and n € N. Then the following are equivalent:
forany x,y,z € A4,
(1) A is a n- fold (a B)-hesitant fuzzy implicative filter of A,

2)
(3) A(x"— x
MMWH@Hmﬁ““awame

hx™™! — 7y)—/’ " y),
”) - 11( l )

Volume-5 | Issue-1 | Feb, 2019 21



Proof. (1) = (2) Since x" — x = 1, then A(x""' — y) =% A(x""! — ) y)) N A(x" — x)g}fy h(x" — y) for any x,y € A4, thus (2)
holds.
(2) = (3) The proof is by induction on n. Suppose that (2) holds.

Firstly, forn=1, A(1) = h(x'"' — xz)g; h(x — x?%), we have A(x — x?) =% h(1).
Secondly, for n =2, we get that
h(1) = h(x’ — (x' — x*)
Qg h(x™ = (x — x*)
= h(x — x%

C” /1(\ - x4)
and so h(x> — x*) 7B h(b).
Finally, for n > 2, since x"*' — (x"' — x?") = 1, then

h(l) hE! — (! — x?)
ce /Z(x — (" 1_ x2n))
— h(x” 1 (x — x2n))

and therefore h(x” ' ("> x ") = h(l). By using the hypothesis n times, then we get A(x"™" —(x" — x2")) =% h(1),
thus A(x" — xnn) = h(l).

3) = (4) Noticing that y — z < (x" — y) — (x" — z) for any x,y,z € 4, we get that
= (1= ) SX o (P =) = (' 2))
== (¥ (¢ =) = 2))
= (" y) = 2)
S =X = (= ("> y) > 2)).

Consider that 7 is a (a,B)-hesitant fuzzy filter and h(x —Xx = =5 (1) we get that
hx — (v = 205 M 32— @ (= ) > 2)
P ) = ) = (0 (@) = 2)
S MG 3) = (= 2)),
this means that A(x" — (y — z)) ﬁ h(( T y)— ("> 2)).

4) = (1) By hypothesis that % is a (o,p3)-hesitant fuzzy ﬁlter we obtain that
h(x"— y) N h(x"— (y — Z)) h(x =) N ("= y) = ("= 2))
/f " — 2),
therefore 4 is a n-fold (a,B)-hesitant fuzzy implicative filter of A4.

Theorem 3.5. Let h be a (o,p)-hesitant fuzzy filter of A and n € N. Then h is a n-fold (a,B)-hesitant fuzzy implicative
@

filter if and only if h(x*" — y)gli h(x” — ) for any x,y € A.
Proof. Assume that 4 is a n-fold (a,B)-hesitant fuzzy implicative filter, then taking y =x"and z =y in

(3 (03
Theorem 3.4 (4), we have h(x*" — y) = h(x" — (x" — y))=5 h(Gen X" — (X" — y)) = h(x" — ), that is, h(x*" — y)(—:ﬁ h(x”
= ).
Conversely, it follows that (1) = A(x*" — x ) Ss h(x” — x27), and so A(1) =p* A(x" — x*").
According to Theorem 3.4, we get that /4 is a n-fold (a,B)-hesitant fuzzy implicative filter of 4.

Proposition 3.6. If h is a n-fold (o.,p)-hesitant fuzzy implicative filter of A, then for any x,y,z € A,
(1) h(x™ = y) =" h(x" = ),

(2) h(x"— (y = 2)) =p H((x" = y) = (" — 2)),

(3) A(x* — p) =g h(x" — y).

Proof. (1) Since 4 is a n-fold (o,B)-hesitant fuzzy implicative filter of 4, then A(x""' — y)gg h(x” — y) by Theorem 3.4.

C() h( ‘Jl+

1
As for the reverse inclusion, from x" — y <x™!' — y, we have h(x" — y)=8 — ). Thus A(x" — y) =% h(x"' — y).

(2) Notice that 4 is a n-fold (a,p)-hesitant fuzzy implicative filter of 4, we get that h(x" — (y — z)) g};h((x" —y)— @ —

z)) by Theorem 3.4. For the converse, since (x" — y) — (x" — z) <x" — (¥ — z) by Proposition 2.1 (6), we have A((x"
— ) = (7 2) e (v 2)), thus B — (v — 2)) TBR(E— ) — (" 2)).
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(3) According to Theorem 3.5, we get that A(x* — y)g; h(x” — y) for any x,y € A. Moreover, since x" — y < x?"— y, then

@ b2 —
h(x" — )8 h(x _, ¥), hence we conclude h(x** — y) =8 h(x” — ).

Theorem 3.7. Let h be a (a,B)-hesitant fuzzy filter of A and n € N. Then h is a n-fold (a,B)-hesitant fuzzy implicative filter
- @
if and only if h(z — (x*" — y))m h(2) Ss h(x” — y) forany x,y,z € A.
- @ @
Proof. Suppose that 4 is a n-fold (o,B)-hesitant fuzzy implicative filter, then h(z — (x*" — )) Nh(z) gtfh(xz” — y)glf h(x"
M /7(:) (_:;; h( n
X" y).
L m N AL =2 h(x>, C®h, .
Conversely, taking z = 1, we get (1 — (x*" — y)) B — y)=B "(x"— y). According to
Theorem 3.5, we get that /4 is a n-fold (a,p)-hesitant fuzzy implicative filter of 4.

— y) by Theorem 3.5, and so, A(z — (x*" — y))

Lemma 3.8. Every n-fold (o,B)-hesitant fuzzy implicative filter of A is a (n + 1)-fold (a.B)-hesitant fuzzy implicative filter.
Proof. Let 4 is a n-fold (a,B)-hesitant fuzzy implicative filter of 4. Then A(x""? — y) = hi(x""' — (x — y))gﬁ h(x” - (x—

@ a+1
¥)) = h(x™! — ), that is, A(x"? — y)gﬁ (™™ »). Using Theorem 3.5, we have that 4 is a (n + 1)-fold (o,p)-hesitant

fuzzy implicative filter.

Proposition 3.9. If h is a n-fold (a,p)-hesitant fuzzy implicative filter of A, then h is (n + k)-fold (o.p)hesitant fuzzy
implicative filters.

The following result shows that the relationship between n-fold (o,B)-hesitant fuzzy implicative filters and n-fold
implicative filter.

Proposition 3.10. If & is a n-fold (0,B)-hesitant fuzzy implicative filter of A, then the set ker(h) := {x € Alh(x) =" h(1)} is

a n-fold implicative filter of A.

Proof. Obviously, 1 € ker(h). For any x" — (y — z) € ker(h) and x" — y € ker(h), then h(x" — (y — z)) =" h(1) and A(x"

— )78 h(l). Notice that % is a n-fold (a,B)-hesitant fuzzy implicative filter of 4, we obtain that h( D =B h(x" — y—2)
(0

N a(x"— y)gﬂ h(x” — z) <, and so A(x" — z) =" h(1), it follows that x” — z € ker(h). Thus ker(h) is a n-fold implicative

filter of 4.

Proposition 3.11. Let i1,k be two hesitant fuzzy sets of A with k(1) =" ha(1) and hi v ha, that is, '™ S5 2 o0 4y
x € A. If hiis a n-fold (0,p)-hesitant fuzzy implicative filter of A, then h» is also a n-fold (o.,B)-hesitant fuzzy implicative
filter of A.

2n
Proof. Notice that /; is a n-fold (a,B)-hesitant fuzzy implicative filter of 4, then 41(1) =" hi(x" — x )
any x € A. It follows that ,(x" — x2") =p® ha(1), hence A is also a n-fold
(o,,B)-hesitant fuzzy implicative filter of A4.

(3
S oo o) for

Definition 3.12. Let A, A> be two hoops, f: A1 — A> be a map, and hi,h, be hesitant fuzzy sets of A1 and A, respectively.
Then
(1) the preimage f'(h2) of haunder fis defined as f'(h2)(x) =% ha(f(x)), for any x € A,
(2) the image f(h1) of hiunder fis defined as
(0 f(x) =y, y) £ 0,
fih) =g [UBO@ =31, o) #
0. otherwise.
Theorem 3.13. Let hi,h, be n-fold (o.,B)-hesitant fuzzy implicative filters of A1 and A, respectively.
(1) Iff: A1 — Az is a hoop-homomorphism, then the preimage f"\(h) is a n-fold (0,p)-hesitant fuzzy implicative filter of
A
(2) If f'is a hoop-epimorphism, then the image f(hi) is a n-fold (a,B)-hesitant fuzzy implicative filter of A».
Proof. It is easy to prove that /() and f{h1) are (a,B)-hesitant fuzzy filters of 4; and 4,, respectively.
(1) ()" — x*") =% hao(fix" — x*)) = hao(fix)" — fx)*") =% ha(1), hence f (k) is a n-fold (o,B)-hesitant fuzzy
implicative filter of 4;.
(2) Note that 4, is a n-fold implicative pseudo valuations on H; and f'is a hoop-epimorphism, For any y € H>, then
there exists x € H; such that f(x) = y. It follows that

)" = y™) =4 U{h](z)lf(:) =y >y ze A}
=5 | Jim@If@) = f" > fP" 2 e i)
= | Jm@if@) = f0 - 2.z e ay)

=% (1),
L
and so f{/1) is a n-fold (o,B)-hesitant fuzzy implicative filter of 4>.
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