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Abstract:-

The Mulatu numbers were studied [1] and [2]. The numbers are sequences of numbers of the form: 4, 5,6,11,17,28,45...
The numbers have wonderful and amazing properties and patterns.

In mathematical terms, the sequence of the Mulatu numbers is defined by the following recurrence relation:

4 if n=0;
M, = | if n=1;
M _+M , ifn>l

In [1] and [2] some properties and patterns of the numbers were considered. In this paper, we investigate additional
properties and patterns of these fascinating numbers. Many beautiful mathematical identities involving the Mulatu
numbers in relation with the Fibonacci numbers and the Lucas numbers will be more explored.
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INTRODUCTION AND BACKGROUND.

As given in [1], the Mulatu numbers are a sequence of numbers recently introduced by Mulatu Lemma, Professor of
Mathematics at Savannah State University, Savannah, Georgia, and USA. The Mulatu sequence has wealthy
mathematical properties and patterns like the two celebrity sequences of Fibonacci and Lucas.

In this paper, more interesting relationships of the Mulatu numbers to the Fibonacci and Lucas numbers will be presented.
Here are the First 21 Mulatu, Fibonacci, and Lucas numbers for quick reference.

Mulatu (M,), Fibonacci (F,) and Lucas (L,) Numbers

(Tables 1 & 2)
Table 1

Table 2

Remark 1: Throughout this paper M, F, and L stand for Mulatu numbers, Fibonacci numbers, and Lucas number
respectively.

The following well-known identities of Mulatu numbers [1], Fibonacci numbers, and Lucas numbers are required in this
paper and hereby listed for quick reference.

ML, =F_,+F.,
(2] Fyy=F +E,

3) M, =L, +2F, .
@ F,=FL,
B)SFu-L=4(-1)""

L L
(6) Fn = H+I_;_ n—1

(7) Ln+1 = Ln +Ln—1
8 F.y =F, F, +F,F,

O M, =(-1)"M,
; _SEF,+LL,
(10) n+m 2

The Main Results.

Theorem 1. Some Divisibility Properties of M.

(a) If M , is divisible by 2, then M 2,1, -M %, is divisible by 4
(b) If M,, is divisible by 3, then M3,+; -M?,. is divisible by 9.

Mn+1 = (Mn +Mn—1)

Proof: Note that: Using , we have:
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(a) ;‘Mj n+l — ﬂ/fz n—1
(M, M _ XM, +M _)=M, (M, +M,_ +M,_)=M.+2MM,_,.

n+l

Now it is easy to see that if M , is divisible by 2, then M 2,+1 -M 2,1 is divisible by 4
(b) Mus =Mus = (M, — M, M s + MM, + M)

=M, (M + M, M, +M )

=M, (M, + M, |} + M, (M, + M, )+ M)
=M, (M +3M,M,_, +3M"1)

=M, +3M° .M +3M M.,

Hence M, is divisible by 3 =M 3,1 -M?,.1 is divisible by 9.
Remarkl: Can we generalize Theorem 1 for n=4, 5,6... ? We are still working on it.

Theorem 2. The addition formula for Mulatu numbers.

jh[n+k::jr

n-1

M, +F,M,,,
Proof: By Theorem §[1] we have,

Mn =Fn—3 + Fn—l o EHZ
Hence it follows that

iL{n+k ::}?

n+k-3

+F

n+k—1

+M

n+k+2 "
Now using the addition formula for Fibonacci numbers given above, it follows that

*M)Hk = ( Fn—le—3 + Fm Fk—z ) +( Fn—le—l i Fn Fk )+( Fn—le—l +Fw Fk+3 )
:(F Fk—i +F +Fk—1+Fn—1Fp’r—‘1)+(FMFk—2+Fn Fk+E1Fk73)

n-1 n-1
= (s TE 8] T EE g o6 Hs)

:E1—] iMk +Fn IM;C*.I N
Hence the theorem is proved.

Theorem 4:

‘IMZ S5 == F'Z?ﬂ _3F2n—1 +6FF

n ne -1

Proof: By Theorem 3 we have,

‘MZH—l = ﬂd’,"l+f}’i—1) = anl*‘Mn—l + Fn *JMn
= E?—lﬁln—l - F;z(l’n A+ Z‘F;—l)

- F, M, ,+F,L,+2FF,,

nn

:}14ﬂ4;4‘+}r

2n

+2FF,,.

Now applying Theorem 3 to M,.1, we have
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IM”_{ - AM(”*UH) = P;’FZ“MU Jr]:;4—1}'41 =4F ,+F

»=2 "%l and
4F, ,+F,, =4F,-F, )+ F,, =-3F,  +4F,.
Hence, M,,, =F, +F, (-3F,, +4F)+ 2FF, _=F, —3F*,  +6FF,
Theorem 4. The Subtraction formula for Mulatu numbers
M, = 4F, n\—k+1 —3F, 4

Proof: M, x=M.x+ and hence by Theorem 3, we have

"M?&—k = P‘?e—k—l ﬂ'JO + Fm—k"Ml
= 4Fn—k—1 = Fn—k

= 4(Fn—k—1 + Fn—k ) _BFH—F(

= AP =3 4.
Corollary 1.
M, =4F, —3F .
Theorem 5.

FEn - Mn Fn¢l T Fn+1Fn T L&H
Proof: We use the identities listed above to prove the theorem.

Note that F, - M, ¥, _—F, F,=F L -MF,_ —F,

n+l" n n+l

r,
:F'n (anl + Fn+1 ) - Fn+1 (I‘n + ZFH—A ) - ‘F;Han
=Fn (F‘n—l + E:‘+l ) = (F;i + Ei—l)(‘[‘n + 2‘E1—1) B F'n-HFn

=Fn(Fn—1 +Fn+l)_
(.F'n + Fn—l .)(Fnﬂ + Fn—l ¥ ZFH—I ) - (F;z g F;i—l )Fn

=Fn (Fn—l +Fn + Fn—l ) ~
(F’? + Fn—l )(Fn + E?—l + JF‘n—l + 2Fn—1 ) - (P;]‘ + Fn—l )F'n
= Q@F. .+ E)F, - JE AR, )~ F A

=2F,F, , +F’u-

n-1
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F:” 74FnFn—l 7F?1F1—1 74Fn—12 o Fl” o Fn—an

¥

Py AR — AT
= '( qu +4E1F”_1 +4F2n—l)

- (Fn ik 2F:—l )2

¥

_(Fn +FJ‘E—1 +Es—1)2

-(FH +Fn—l )2

+1
=i Lz n
The following result deals with the Double -angle type formula. It is rather an amazingly interesting strong result.

Theorem 6. Fundamental identity.

M, =ML +4(—1)""

s ]
Proof: By Theorem 3, M »,=My+=Fp.1 M+ F,M,+1. Again applying Theorem 3, to

M, ., andusing L =F

n+l

+F ., weget

"MZH =F n—1 "Mn * J‘E'n (Fn -1 "Ml + FH‘ iMZ)

=F n-1 ‘Mn +Fn (anl + SE;‘) !

=F,, M,+FF _ +5F,.

wei
=((L,-F,,)M, +F,F,, +5F"
=L,M,- F,,M,+FF_ +5F",
=L M- (F +F, )L +2F )+F/F, , +5F
=L M, -(F,+F, )F,,+F, +2F, )+FF _ +5F
=L M, -(F,+F_)(F,+4F _)+FF,_ +5F,
=L M,-F*y,—AF,F,_ -F.F, _ —4F’1+F,F,_ +5F",
=L M -F’, —4F F, _ -4F°,4+5F",
= LM, -(F*.+4F,F, +4F*,4)*5F?%,

From the proof of Theorem 5, we know that F2, + 4F,F,1+4F%, = L2, .

Hence M 2, = LiM,- L?,+5F?,. Now using that 5F%, - L2, =4(-1)""! it easily follows that M », = L,M,+ 4(-1)""!.

Remark 2: Note that using Corollary 1, we can also express M, as follows:

M

2n

= 4F2i-x+l - 3F2H "

Corollary 2.
:L3n+4F2n—1+2 Fn}'_;]_l e 4(71)”+1

2n
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Proof: We have
M, =ML, +4(-1)"

= (Lii + Q'F'?i—l ) Ln +4, (7 l)”*l
=1% +2F, L +4(-1]"

:L2n +2F

n-1

(Fn—l + F;z—l ) +4 (7 1)”*1
:Lzﬂ 4 2Fﬂ—1 (F;’z 4 F;x—l + anl ) + 4 (7 1)”+1
=I% +4F %4 +2F.F,_ +4(-1"

Corollary 3. Square Expansion

M* = M,, +2M,F,  +4(-1)
Proof: Note that

M,=MM,=M/(L +2F =ML, +2M,F, .

Hence the corollary follows by Theorem 6.

Theorem 7.
OF * + 1% +4F>,_ e
- =L M, +4(-1)"
2
Proof:
OF + I’y +4F%n1  SF, +L'n +4F, +4F 1
2 Bl 2
5F>+L° b
=—"— L 4 2F " +F 'mu

Now by addition formula for Lucas numbers and Fibonacci numbers given above, we get

9 2 LT + AF % , ;
b =L, + 2F% 1 +2F = L, +2F,

n-1"-

Now using

M, =L, +2F,, , we obtain that

9, +Lw+4F " n-1 .y

2 2n
Thus theorem follows by Theorem 6.

Some Open Questions.

(1) Are there any more triangular numbers in Mulatu numbers other than 1, 6, 28, and 457 If so, are they finite or infinite?
(2) Are there any more Fermat numbers in Mulatu numbers other than 5 and 17? If so, are they finite or infinite?

(3) Are there any more Fibonacci numbers in Mulatu numbers other than 1 and 5? If so, are they finite or infinite?

(4) Are there any more Lucas numbers in Mulatu numbers other than 1 and 117 If so, are they finite or infinite?

(5) Observe that for n=1,6,11, 16, and 21 all M, F, and L numbers have the same last digit. Is this pattern finite or infinite?
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