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Abstract:-

The Mulatu numbers were studied [1] and [2]. The numbers are sequences of numbers of the form: 4,1, 5,6,11,17,28,45...
The numbers have wonderful and amazing properties and patterns.

In mathematical terms, the sequence of the Mulatu numbers is defined by the following recurrence relation:

[ 4 if n=0;
= 1 if n=1;

IM’”_I +M,, if n>Ll.
In [1] and [2] some properties and patterns of the numbers were considered. In this paper, we investigate additional
properties and patterns of these fascinating numbers. Many beautiful mathematical identities involving the Mulatu

numbers in relation with the two celebrity numbers of Fibonacci numbers and the Lucas numbers will be more explored.
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1. INTRODUCTION AND BACKGROUND.

As given in [1], the Mulatu numbers are a sequence of numbers recently introduced by Mulatu Lemma, Professor of
Mathematics at Savannah State University, Savannah, Georgia, and USA. The Mulatu sequence has wealthy mathematical
properties and patterns like the two celebrity sequences of Fibonacci and Lucas.

In this paper, more interesting relationships of the Mulatu numbers to the Fibonacci and Lucas numbers will be presented.
Here are the First 21 Mulatu, Fibonacci, and Lucas numbers for quick reference.

Mulatu(M,), Fibonacci(F,) and Lucas(L,) Numbers

(Tables 1 & 2)
Table 1

Table 2

Remark 1:

Throughout this paper M, F, and L stand for Mulatu numbers, Fibonacci numbers, and Lucas number respectively.
The following well-known identities of Mulatu numbers [1], Fibonacci numbers, and Lucas numbers are required in this
paper and hereby listed for quick reference.

(1) L,=F, +F

71+l

2) Fogg = 4004

+1
@) M,=L, +2F, ..
(4) Fln = FnLn

5y 5P - L==a {1

£ L
(6) Fn —_ n+l _;_ n—1

(D L,=L,+L,,
®) F,., =F, ,F, +F,I;,
© M, =(1)"M,

; _SEF,+LL,
(10) o 2

Theorem 1.

F,- M F_  —F_F=-I%

n+l* n

Proof: We use the identities listed above to prove the theorem.

Volume-5 | Issue-2 | Aug, 2019



Note that F, - M F —F

n+l

P:r= }“ [ = ﬂ/‘f” Fu—l _ ‘F:JHP:;

n=n

:F;P(F;P—l +F;J—J }-F;H-I(LH +2-F;,...| ] _F;J'HFJ'J
ZE?(E?--I +‘F;J--1 }‘(E.: + E:-l }{Ln +21‘_‘n—| }_Ea-L]}‘_‘r:
=F:f (P:f—l + F:.l—l } =

(FH + Ea—l ){Fu+[ 2 F;.l—l e 2F1J—] )_ {F:r + P:.l—l )F:f

=}(:E(P‘ + "‘L:.l + }(;r—l )-

n-l1

+2F,

n=1

+F

n=1

(F;J + F;r—l )(‘Fn it F

n=1

)_{F;.l +EJ—1)E?
:Ef(zﬁl—l +Er}-(1:‘ra +Er—1 )(‘Fl1+4‘FJJ—i ) _(1‘_;1 +Er--l )]:;J
=2F F  + FEH =

ne n-1

The following result deals with the Double -angle type formula. It is rather an amazingly interesting strong result.

Theorem 2. Fundamental identity.

M, =ML +4-1)""

2n

=M, =F

Proof: By Theorem 3, M,, =M,., Al

1, we get
M = Fn—l Mn +F;r (EI—IMI +E1M2)

2n

M?? +F‘HM

:F MnJrF;-J(F; +5E1)'

71

L5FL, .

n-1

M.’F + F;.’F

n—1

=F

n—1

:( (Ln - F;Hl )Mn + F;rF

n-1

+5F2H

+5F2n
:LJ?MH- K Mi+F;FF

n+l 7 n—1

:L??M”— (F;p +E171)( Ln i ZE;71)+F;JF;171 +5F2”
:L??M” - (F‘n T F;Ifl )( F;Hl ¥ F;pfl F 2Fn71) +E:E171 F 5F2”
:LnMn - (Fn ¥ F;r—l )( E? v 4F:1—1 ) +E:E:—1 # SFE”

= LNMH-FZ” _4F;1Fn71"E1F +5F2”

-1

e 4F2n—1+ F’?F

-1

:LJ?MU_an _4F;;F "4F2H—1+5F2”

n—1

- LnMn - ( FZ” L 4]:;}}7;171 + 4F2"_1 )+5F2”
From the proof of Theorem 5, we know that F?, (4F,F, 1 +4F2,,=L?, .
Hence M,, = L,M,-L*,+5F?,. Now using that 5F2,-L?, =4(-1)""!
it easily follows that M, = L,M,+ 4(-1)""! .

Remark 1: Note that using Corollary 1, we can also express Ma, as follows:

M, =4F,  —3F, .

20+l

Corollary 1.

M, =IL*,+4F*.+2FF,  +4-1)"

2n

Proof: We have
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M, =ML +4-1)"

2n

- (Ln + ZFE—I ) Ln +4 (_ I)HH

7

=Ly + 20 1. +4(-1)"

n-1

=L’y +2F,_(F

n+l

+ Fn—l) +4 (_ I)NH

=[2: 12F

n-1

=1, +4F%, . +2F,F,_ +4(-1)"

Corollary 2. Square Expansion

IR N TN

n-1 n-1

) + 4(_ l)n+1

Mz.i.’ = Mgn + 2MJJFIJ—1 _E_ 4(_ 1)”
Proof: Note that

M* =MM,=M,(L,+2F, )=ML +2M F, .
Hence the corollary follows by Theorem 6.

Theorem 3.
OF * + ' +4F 4

Proof:
OF," + L’y +4F*, SF,’ +L’, +4F, +4F7,,

2 - 2
SE 4L}

9
+2F +F

Now by addition formula for Lucas numbers and Fibonacci numbers given above, we get

9”: +L:u +4F1H—J

5 = L:” + 21“:n—1 +2}'1‘:: L:” +2F2”_

T
Now using

M, =L +2F

n-1_ we obtain that

9, + L' +4F n—1 _ "
2 — 4 2p
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