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Abstract:-
Mathematicians have been fascinated for centuries by the properties and patterns of numbers. They have noticed that 
some numbers are equal to the sum of all of their factors (not including the number itself). Such numbers are called perfect 
numbers. Thus a positive integer is called a perfect number if it is equal to the sum of its proper positive divisors. The 
search for perfect numbers began in ancient times. The four perfect numbers 6, 28, 496, and 8128 seem to have been 
known from ancient times. In this paper, we will investigate some important properties of perfect numbers. We give easy 
and simple proofs of theorems using finite series. We give our own alternative proof of the well-known Euclid’s Theorem
(Theorem I). We will also prove some important theorems which play key roles in the mathematical theory of perfect 
numbers. 
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1. INTRODUCTION AND BACKGROUND
Throughout history, there have been studies on perfect numbers. It is not known when perfect numbers were first studied 
and indeed the first studies may go back to the earliest times when numbers first aroused curiosity. It is rather likely, 
although not completely certain, that the Egyptians would have come across such numbers naturally given the way their 
methods of calculation worked.  Although, the four perfect numbers 6, 28, 496 and 8128 seem to have been known from 
ancient times and there is no record of these discoveries. The First recorded mathematical result concerning perfect 
numbers which is known occurs in Eculid’s Elements written around 300BC. 

Theorem 1. If 2 k -1 (k>1) is prime, then n =2k-1 (2k-1) is a perfect number.

Proof:  We will show that n = sum of its proper factors. 
We will find all the proper factors of 2k-1(2k -1), and add them. Since 2k-1 is prime, let p = 2k-1.  Then n = p(2k-1) 
Let us list all factors of 2k-1 and other proper factors of n as follows. 

Factors of 2k-1 Other Proper Factors

1 p 

2 2p 

22 22p 

23 23p 
: : 
: : 

2k-1 2k-2 p
Adding the first column, we get: 

Adding the second column, we get: 

Now adding the two columns together, we get: 

Hence. n is a perfect number. 

Remark I: A question can be raised if k is prime by itself  
Þ 2k-1(2k-1) is a perfect number. The answer is negative as it will be easily shown that it does not work for k=11. 

Corollary 1:: If 2k-1 is prime,  then is a perfect number. 
Proof: We have: 

Þ n is a perfect number by Theorem 1. 

Remark II:  Every even perfect number n is of the form n = 2k-1(2k-1).  We will not prove this, but we will accept and use 
it.  So, the converse to Theorem 1 is also true. This is called Euler’s Theorem. 
Next we will show how Remark II applies to the first four perfect numbers. Note that:  
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Theorem 2:  The sum of the reciprocals of the factors of a perfect number is n is equal to 2. 
Proof: Let n = 2k-1 (2k-1) where p = 2k-1 and is prime.  Let us list all the possible factors of n. 

Factors of 2k-1 Other Factors 
1                      p
2 p
22                  22p

: :
: :

2k-1 2k-1 p

Sum of reciprocals of factors 2k-1

Sum of reciprocals of other factors

Now the sums of reciprocals of all factors are equal to: 
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Corollary 2.  No power of a prime can be a perfect number. 
Proof: Let p be prime and let n = pk.  The factors of n are 1, p, p2, p3…pk. 
Now, we have: 

Therefore, n is not a perfect number. 

Theorem 3:  If n is a perfect number such that n = 2k-1(2k-1), then the product of the positive divisor’s of n is equal tonk. 
Proof: We list factors of n as in Theorem 2 

Factors of 2k-1 Other Factors 

1 P 

2 2p 

22 22p 

23 23p 

: : 

: : 

2k-1 2k-1 p

Product of column 1 = 

Product of column 2 = 

Therefore the products of both columns are 

Triangular Numbers
The triangular numbers are formed by partial sum of the series 1+2+3+4+5+6+7…. +n. In other words, triangular numbers 
are those counting numbers that can be written as Tn = 

So,1+2+3+…+ n.
T1= 1 
T2= 1+2=3 
T3= 1+2+3=6 
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T4= 1+2+3+4=10 
T5= 1+2+3+4+5=15 
T6= 1+2+3+4+5+6= 21 
T7= 1+2+3+4+5+6+7= 28 
T8= 1+2+3+4+5+6+7+8= 36 
T9=1+2+3+4+5+6+7+8+9=45 
T10 =1+2+3+4+5+6+7+8+9+10=55 
.   

These are the first 100 triangular numbers:  

You can illustrate the name triangular number by the following drawing:   

Special Triangular numbers

You see:   
The even triangular numbers in red and the odd numbers in black form pairs in the usual sequence.  

Theorem 4. Every triangular number is a binomial coefficient . 
Proof without words: - Refer to the following Pascal’s Triangle [and see the red colored numbers.     

Theorem 5. If Tm and Tn are triangular numbers, then  

For m and n positive integers. 

Proof: 
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Theorem 6: If Tm and Tn are triangular numbers, then  

Proof:  

Theorem 7. Every even perfect number n is a triangular number. 

Proof: n is a perfect number Þ n= 2k-1(2k-1) by Remark III.  Hence, where m=2k-1. Thus n is a 
triangular number.                                          

Corollary 3.   If T is a perfect number, then 8T +1 is a perfect square. 
Proof: T is a perfect number ÞT is a triangular number. 

For some positive integer m.

Theorem 8. If Tn be triangular numbers for n>1, then we have 
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