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Abstract:-

Modified Adomian Decomposition Method (MADM) was used in this research to solve singular initial value problems
in the second-order ordinary differential equation. In the beginning, we studied the genral equation, and we gave several
illustrations for this equation. In addition, we studied some different cases of second order ordinary differential equations
which we got from genral equation. From these cases, we got different types of equations such as multi singular initial
value problems, like Bessel’s equation from half order and other equations as well. Using the examples under
investigation, we conclude that the solution is converging towards the exact solution.

Key words:- “Multi singular initial value problems, Modified Adomian Decomposition Method second order nonlinear
ordinary differential equation.”

Volume-6 | Issue-1 | Feb., 2020 1



ISSN: 2208-2212

I. INTRODUCTION

Singular initial value problems for second order ordinary differential equations arise from nonlinear phenomena in
physics and mechanics (see [13] and the references therein). Singular problems studies are regarded as new as they started
in the middle of 1970s.

For investigating the numerical singular differential equations, researchers have proposed many various methods and
techniques. I.T Abu-Zaid, and M.A. El-Gebeily [8] had earlier solved singular two point boundary value problem using
finite difference approximation, and L.U. Junfeng [11] had solved singular differential equation using variational iteration
method. In addition, there are other methods that have given a general study to construct the exact solution and series
solution of singular two point boundary value problems. For example, cubic splines by A.S.V. Ravi Kanth and Y.N. Reddy
[3], Sine-Galerkin method and Homotopy perturbation method by K. Al-Khaled [10]. The decomposition method
introduced by George Adomian at the beginning of 1980s has received immense attention in the past two decades. G.
Adomian [4,5,6] asserts that the decomposition method provides an effcient and convenient method for generating
approximate series solution to a wide class of differential equations which converges. Singular problem got the interest of
researches to apply this method. For example, in [1,2] A.M. Wazwaz presents several researches on singular problem via
using (MADM) with differential operators. In [14] Y.Q. Hasan et.al. solved second ordinary differential equation by
(MADM). Also in [15] Y.Q. Hasan and L.M. Zhu solved singular boundary value problems of higher-order by modified
Adomian decomposition method. A modification on (ADM) was introduced by [12]. Another modification applied on the
method was proposed in [9] to solve singular initail value Emden-Fowler type equations of second order. The aim of this
research is to find the solution of multi singular initial value problem and many kinds of the second order ordinary
differential equation by using a new reliable modification of Adomian decomposition method(ADM). For this reason, a
new differential operator is proposed which can be used for solving such equation.

II. MODIFIED ADOMAINDECOMPOSITION METHOD
Assume the singular initial value problem of second order ordinary differential equation,

n+m m(n — 1 n—m
Y’ + fy' + (k + ( ) ) + . Vk tan \@.r)y =g(z,y) O
(0) = a0 y*(0) = ay,
where g(x,y) is a real function and ao,a; are given constants and m >0, n > 1.

We suggest the new differential operator as below
L( ) — ;(_jln m (097 f_l ,” )
" cos Vkx dx dx cos \/_ kx 2)

we can write eq.(1) in the form

Ly = g(x.y). (3)
The inverse operator L' is therefore a two-fold integral operator, as below

cosVkr [ A T

L) = — / 2™ " cos 2 Vkx / x" cos Vkx(.)drdz. @
x Jo Jo

By applying L' on (3), we have

y(x) = p(x) + L7'(g(xp), (5)

such that

L(y(x)) = 0.
The Adomian decomposition method introduce the solution y(x) and the nonlinear function g(x,y) by infinite series
[eo]

e Z y,L(JI')
n=0 s (6)
and

g(z,y) = Ay, (7)
n=()

where the components y,(x) of the solution y(x) will be determined recurrentiy. Specific algorithms were seen [7] to
formulate Adomian polynomials. The following algorithm:

AO = G(?/O)
A = .UlG/(’/())'
Ay = yoG'(yo) + 2, 5V G”(l/o)

— i G" (o)
, ¥

Az = ,l/:sGl(!/O) + ,UILI/‘ZG”(-I/O) 3,
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Can be used to construct Adomian polynomials, when G(y) is a nonlinear function. By substituting (6)and (7) into (5)

gives,

Z Urz = + L~ z A,

n=0 n=0 . C)
Through using Adomian decomposition method, the components y,(x) can be determined as

Yo=p(x),

y(n+1)=L-14n, n>0, (10)
which gives yo=y(x), y1 = L—140, y2 = L—141,

y3=L"14,, (11)

From (8) and (11), we can determine the components y,(x), and hence the series solution of y(x) in (7) can be immediately

obtained. For numerical purposes, the n-term approximate
n—1

n — Z Yn
n=0 , (12)
can be used to approximate the exact solution. The approach presented above can be validated by testing it on a variety of
several linear and nonlinear differential equations with initial value problem.

III. DISCUSSION OF MADM AND ITSAPPLICATIONS
In order to achieve the aim of this research, we have firstly studied the eq.(1), giving illustrative examples. Then we
studied its partial cases as shown below.
First: we will give an example on the eq.(1)
Problem 1. When k= 2,n=3,m =4, in eq.(1) we get
7 8 2
Yy’ + Y "+ (2+ P R

8 2 4
tan v2z)y = (184422 +——\/_ tan v2z)e* +22—Iny.

X
0)=1y'(0)=0, (13)

and y(x) = €%, is the exact solution.
Eq.(13) can be written as

. 8 2 .
Ly = (18 + 42% + — - £ tan \/5;17)@‘2 + 2% —Iny,
T T (14)
where

1 d d xd
L()=—————a2 'cos® V2r—
() 23 cos/2x dx ! o ! dzx cos \/51“( )

08 V2 [T ‘
L) = u/ x cos > \/51/ 2° cos V2x(.)dxdz.
and x4 Jo .
Applying L™! on both side of (14) and using initial conditions yields
8 2 : y
LY (Ly) = L™ ((18 + 4a* + — - £ tan v2z)e” + 2?) — L™} (Iny)

25zt N 1_“ B 18427 18 N 77353 210
48 6 10080 226800

L' (Iny). (15)

y(z) =

Replace the decomposition series y,(x) for y4(x) intg (15) gives . o
ad 5 2bx* «x 18427 x° 77353 x
yn(x) = 1422 : —— ...— L '(Iny), (16
2 yn(®) = 142"+ =t — e T 226800 (Iny), (16)

n=>0
Lt a? 4 25 2 N 2% 1842728 N 77353 20
Yo = x — —
o 18 6 10080 226800 7
Ynt1 = —L_I(A,,),TI‘ >0, 17)
we get the series of Iny, by Adomian polynomials
Ag = Inyy,
A=2
Yo
, 2
A, =22 1/_12
Yo 24
, (18)
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Then )

25 N 2% 1842728 N 77353 10
48 6 10080 226800

—x4 20 203 a8 227 10

48 B 3(840 + 11020 69120 +-
—x° x® 21

3840 * 3840 23040

vesy

The solution in a series form is given by 7
( ) a4 1422+ z? n 3192° 24329 28 n 1225573 2:1©
y(r) =1 " Yo = Tt + — -
N =hThTi 2 71920 13440 3628800
When we found yo,y1,)», and collected them we noticed that, the solution by (MADM) approximated to exact solution. So,

if we continue until y,, we will get the exact solution.

Note that, the series of exact solution y(x) = %, by Taylor series is as below,

l() ,L,S "1'10

-1 S
y(x) +1+2+6+24+120+

Second: In this part, we will discusse the cases that we got from eq.(1) and we will give explanation examples.
Case 1. When k=0, in eq.(1) we get multi singular initial value problems

m—+n m(n —1
'+ ——y + (»,,2 ! = 4o, )

y(0) = ag, y'(0) = ay,

in an operator form eq.(19) become

Ly = g(z,y), (20)

where

and

L )y=g™ /T g B /x a7 Jdind. (22)

40 J0

using the inverse operator L ! to both side of eq.(20), we have

y(x) = (=) + L Hg(z,y))- (23)
We will introduce an illustration for the above case and from the examples, it turns out that the method is useful. Moreover,
we shall provide a graph as well as a table values that explians the converged solution.

Problem 1. Assume the nonlinear multi singular initial Value problem:

7 9
"
+ + —y = 306: >t — e
Y 1/ 1/ r+e € ’ 24)
where

_ ,.—4i, Ll 3
L()== (1;1.'1/ (1:1.'1' ,

B = 4/ *1/ Jdxdx.

Taking L' to both side of (25) and using the initial conditions we obtain
y(x)=L"'B6x+ &) - L&,
2 5
T
1 ;r:——l- syl 4 L Ll
vw) =3 64 242 | (26)

so, L™!is given by

Replace the decompos1t10n series 22;1 0Yn (x) mto (26) gives
T 1 1
Zyn(-r)——+ e
= 25 64 242 ) 27)
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the MADM introduce the recursive relation

R BT
Yo +x +64+242+..

5 ;,1.8

Ynt1 = —L7(An),n >0,

the nonlinear term e’, we can get it as below

A0 = e)0,
Al =yley0,

1.
Ay = (2 + Q‘yf)eyﬂ:

]' : 1
Az = (ys + iy + g'y‘f)em

from (28),(29) we get
5 8
SNl
| W=+ttt ot |
—x2 xt 20 89 27 23438 2®
1 - — — —
9 25 1225 101250 160000 5671875

74 2%

89 27

4622 2®

Y2

The solution in a series form is given by

‘.1/(417) =Y+ ty=2

3

22t

197 26

T 1225 2480625 160000 7503890625

89 27

© 1225 4961250 80000 15007781250

Table 1 and Figure 1 show comparison between the exact solution and MADM solution.

ISSN: 2208-2212

Table 1: Comparison of numerical errors between the exact solution y = x* and the MADM solution

y = Z'IQJ:O y“(l’lj).

X Exact MADM Absolut error
0.0 | 0.000 0.000000000 | 0.000000000
0.1 | 0.001 0.000999837 | 0.000000163
0.2 | 0.008 0.007997370 | 0.000002630
0.3 | 0.027 0.026986500 | 0.000013500
0.4 | 0.064 0.063956200 | 0.000043800
0.5 | 0.125 0.124889000 | 0.000111000
0.6 | 0.216 0.215755000 | 0.000245000
0.7 | 0.343 0.342512000 | 0.000488000
0.8 | 0.512 0.511087000 | 0.000913000
09 | 0.729 0.727375000 | 0.001625000
1.0 | 1.000 0.997214000 | 0.002786000

M

10 |
5 "

Exact MADM

Figure 1: The exact solution y = x> and the MADM solution y = *2,-9 yu(x).
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Case 2. when we put n =m, in eq.(1) we got multi-singular initial value problem, also from this equation we got different
equations some of them have been studied while other equations are studied in this section.

27 n(n—1)
"
+ —y +(k+ ——)y =gla
vt —y = v=9@y) 30)
1(0) = aoy*(0) = a,
in an operator form eq.(30) become
Ly =g(xy), (31)
we proposed the differential operator
() 1 d 5 A d 2" ()
) = — COS r——F .
2" cos \/_ ka dx dz cosVkx (32)
and has an inverse L' which is a two-fold integral operator
coSs \/Z.l' T . T
L) = —"——= / cos 2 Vkx / z" cos Vkz(.)drdz.
" 0 0 (33)
Applying the inverse operator L™' to both side of eq.(31), we have
y(x) = p(x) + L7 (g(x»)). (34)

Now, we are going to give examples on eq.(30) and the equations which got them from eq.(30).
Problem 1. when n =2,k =2, in eq.(30) we obtain
w4, 2 4cosw
Vi oy + 2+ )y =

y(0) = 0,4'(0) =1, , (35)

noted that the exact solution is y(x) = sinx.

2 : 9
+ (14 — +sinz)sinr —y
T

Eq.(35) can be written as

4cosx
Ly =

+u+3+')' ?
SINT)SInT —1
2 v (36)

where differential operator

1 d d x?
L()= ——— — cos* V2r—
(- 22 cos 2z dx dx cos\/§1

and inverse operator

L_l(.):M/ cos 2\/_1/ z? cos V2z(.)dzdz.

x? 0 0
On both sides of (36), and using the initial conditions at x = 0, yields

4cosx 2 ‘
L (Ly) = L™ 2! +(1+ 22 +sinz)sinz) — L™ 'y?

4cosx 2 ‘
y(z) =L} + (14 = +sinx)sinz) — L™ 1y%
y(z) (—, (,ﬂ )sin) R,
Replace the decompos1t10n series y,(x) for y(x) into (37) gives
4cosx 2 .
Z yn(z) = L7 + (1+ = +sinz)sinz) — L1y
n=0 T T ) (38)
4cosx 2
yo = L™ + (1 + — +sinz)sinz),
T T
4dcosx 2
1 =Lt +(14+ = +sinz)sinz) — L *A,,n >0
Yn+1 ( T ( 2 ) ) ny It = ’ (39)
where A, are Adomian polynomials of nonlinear term )2, as below
Ay = yg,
A1=2yp1,
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Ay = 2y + yf, (40)

Substituting (40) into (39) gives the components
x? " x? N x° 0 x’ + 37 28 N x? 1961 21° n
=r—— — _
o= 6 30 120 140 5040~ 56700 362880 113400
—z* + x® x’ 3728 + 103 2 4+ 1961 2'° "

Y = Rl _
v 30 140 1080 56700 ' 415800 113400

—x7 103 2°

1080 * 415800 e

Y2 =

The solution in a series form is given by

(z) P x n xd 317 N 9943 ¥ N
ylr) =1 1 Yo =T — — —
Sy =i b 6 ' 120 15120 ' 19958400 (1)
When we found yq,y1,y2, and collected them we noticd that, the solution by (MADM) approximated to exact solution. So,
if we continue until y,, we will get the exact solution.
Note that, the series of exact solution y(x) = sinx by Taylor series is as below

s T.) pov 29

x x
ylx) = — —+ + + ...

6 120 5040 362880

_ 1
Problem 2. In eq.(30) when " = 2 and k=1 we get the Bessel’s equation of half order:
Y R S R I v
1 —1 ——)y=—+4z e’ —e
I 122 T

y(0) = 0,4'(0) = 0. , (42)

Where y(x) = x*is exact solution.

Eq.(42) can be written as
15

2 — —— ,:2 3;1r2 Ly
Ly 1 + 1"+ € e, @3)
1 d d +/:
L(.)= ——cosQa:—ﬁ :
Vaxcosx dr dxcosz

L_l(')_(i)/;—'r/ cos™ fﬁcosx )dxdz.

On both sides of (43), and using the initial conditions at x = 0, yields
15
L_I(Ly) = L_I(Z + 1'2 + 612 — ey)

where

and operating

15 2
=L 1(— 2pe”) — L tev,
y(x) (4+m +e") e} @)
Raplace the decomposition series y,(x) for y(x) into (44) gives
1
ZJH — 4+I +-ie” )_Lley' (413)
n=>0
15 . ;
Yo =L I(I) + 22+ e“‘g),
Ynt1 = —L'e¥,n > 0, (46)
by using (46) we obtain

1922 442" 171425  832342° 10820603 z°

Y= T T 135135 t 31159425 | 27498621150 !
L (o) 4?2 42t 1484225 52487862° 68638642333 210
v — —L V() — _dr _ _ _
h Yo 15 63 675675 861485625 43310328311250
_1 —162% 726425 128911042% 2782475392 210
Yo = —L (yl) =

945 675675 2584456875 1443677610375
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The series solution is as below as
,  32z'  15042° 2239491228
y(r) = g0ty + e =27 = e e T S In6sTh
67535227184 210
21655164155625 47)

Table 2 and Figure 2 show comparison between the exact solution and MADM solution.

Table 2: Comparison of numerical errors between the exact solution y = x?> and the MADM solution
2
y = Z”‘:O ‘y.n(lj).

X Exact MADM Absolute error
0.00 | 0.0000 | 0.0000000000 0.0000000000

0.01 | 0.0001 | 0.0000999997 0.0000000003

0.02 | 0.0004 | 0.0003999950 0.00000000900
0.03 | 0.0009 | 0.0008999730 0.00000002700
0.04 | 0.0016 | 0.0015999100 0.00000009000
0.05 | 0.0025 | 0.0024997900 0.00000021000
0.06 | 0.0036 | 0.0035995600 0.00000044000
0.07 | 0.0049 | 0.0048991800 0.00000082000
0.08 | 0.0064 | 0.0063986100 0.00000139000
0.09 | 0.0081 | 0.0080977700 0.00000223000
0.1 0.0100 | 0.00999659000 | 0.00000341000

Exact MADM |
2
Figure 2: The exact solution y = x> and the MADM solution¥y = >n=0Yn (T )

IV. CONCLUSION

A modified Adomian decomposition method (MADM) was prepared to solve multi singular initial value problem in
the second-order differential equation like Bessel’s equation of half order by using a new differential operator. We applied
this mothed on this equations and we compared the solutions with the exact solution by using the tables and diagrams, we
found that the solution by (MADM) are approaching the exact solution of small duplicates. So, if we continue until y,, we
will get the exact solution. The study also shows that the (MADM) is an applicable and powerful method to solve problems
considered.
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