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1 INTRODUCTION

Zhang[19] initiated the concept of bipolar fuzzy sets as a generalization of fuzzy sets. The fuzzy relations between fuzzy
sets were also considered by Rosen-feld. He developed the structure of fuzzy graphs, obtaining analogs of several graph
theoretical concepts. The notion of bipolar fuzzy graphs was introduced by Akram[1]. The concept of domination in fuzzy
graphs was investigated by A. Somasundaram and S. Somasundaram[15]. M. G. Karunambigai, M. Akram and K.
Palanivel[11] investigated the concept of domination in bipolar fuzzy graphs. S. Ghobadi, N. D. Soner and Q. M. Mahioub
introduced the concept of inverse domination number in fuzzy graphs[8]. Akram and Rabia Akmal introduced the concept
of certain operations on bipolar fuzzy graph structures [5], also defined some operations on bipolar fuzzy graphs. The
domination in operations on bipolar fuzzy graphs was investigated[18]. In this paper we introduce and invistegate the
concept of inverse domination in some operations on bipolar fuzzy graphs. We obtain the bounds of the inverse domination
number in some operations on bipolar fuzzy graphs like union, join, Cartesian product, strong product and composition.

2 Preliminaries
In this section we review some basic definitions related to bipolar fuzzy graphs and inverse domination in bipolar fuzzy
graph.
A bipolar fuzzy graph BFG, G is of the form G = (V,E), where
(1) V= {vi,va,....,vu} such that g : ¥ — [0,1]and g~ : V — [-1,0].
(QQEcVxV,wherep™: VxV—[0,1]and p~: ¥V x V — [~1,0] such that,
pr=p Vi v) S ) At (v)
and
p=p i)z (v Vu(v)

for all v;,v; € V. In a bipolar fuzzy graph G, when p*= p~= 0 for some i and j, then there is no edge between v; and v;.
Otherwise there exists an edge between v;and v;. A bipolar fuzzy graph, G = (V,E) is said to be semi — p*3

strong bipolar fuzzy graph if p*= min(u*;,u*;) for every i and j. A bipolar fuzzy graph BFG G = (V,E) is said to be semi—p~
strong bipolar fuzzy graph if p~= max(u~;,u;) for every i and j. Let G = (V,E) be a bipolar fuzzy graph.

Then the cardinality of G is defined to be

TS/ et CYR ST COBI o e M G R G )
I I LJ 2 LJ 2
v; eV (W:’Uj)GE

The vertex cardinality of G is defined by
L4 p* (v5) + p~ (v3)
vi=y .

v; eV

For all v;€ V. is called the order of a bipolar fuzzy graph is denoted by P(G). The edge cardinality of a bipolar fuzzy
graph G is defined by

E= Y L+ p*(vi,v5) + p~ (vi, v5)
2
(1,'i,”l)j)€E .

For all (v;,v)) € E is called the size of a bipolar fuzzy graph is denoted by ¢(G). An edge e = (x,y) of a bipolar fuzzy graph
is called strong edge if p*(x,y) = min{u*(x),u*(y)} and p~(x,y) = max{u (x),u (y)}. The degree of a vertex can be
generalized in different ways for a bipolar fuzzy graph G = (V,E). The effective degree of a vertex v in a bipolar fuzzy
graph G = (V,E) is defined to be sum of the weights of the strong edges incident at v and it is denoted by dg(v). The
minimum effective degree of G is 0g(G) = min{de(v)|v € V }. The maximum effective degree of G is Ag(G) = max{de(v)|v
€ V' }. The vertex v is adjacent to a vertex u if they reach between the strong edge. Two vertices v; and v; are said to be
adjacent if neighbors in a bipolar fuzzy graph G = (V,E) if either one of the following conditions holds,

(1) p'(vivy) > 0 and p(vivy) > 0,

(2) p*(viv) =0 and p(v,vy) <0,

(3) p*(vi,v)) > 0 and p~(v;,v;) = 0,v,; € V. And they are strong neighbor if p*(v,u) = min{u"(v),u (1)} and p~(vu) =

max{u (v),u (u)}. A vertex

subset N(v) = {u € V : v adjacent to u} is called the open neighborhood set of a vertex v and N[v] = N(v) U {v} is called
the closed neighborhood set of v. The neighborhood degree of a vertex v in a bipolar fuzzy graph, G = (V,E) is defined to
be sum of the weights of the vertices adjacent to v, and it is denoted by dn(v), that is mean that dy(v) = |N(v)|. The minimum
neighborhood degree of G is M G) = min{dn(v)|v € V' }. The maximum neighborhood degree of G is AMG) = max{dn(v)|v
€ V'}. A bipolar fuzzy graph, G = (V,E) is said to be complete bipolar fuzzy graph if p*(v;,v;) = min{u*(v),u*(v))}, p~(vi,vy)
=max{u (vi),u”(v))}, for all v,v; € V and is denoted by K. The complement of a bipolar fuzzy graph, G = (V,E) is a bipolar
(V,E)

fuzzy graph,G = where
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(1) V =V;

(ii) ut = pt; p = p for all vertices;

AT Fo - =

(iit)pt = min{y,, 1t }—pt and p = max{y;, 14 P —p forall ij=1,2.3....n. A bipolar fuzzy graph G =

(V,E) is said to bipartite if the vertex set V' of G can be partitioned into two non empty subsets ¥ and V> such that

(1) p*(vy,v) =0and p~(v;,vy)) =0 if v;,v; € Vior v, v; € V2

(i) p*(v,v;) > 0 and p~(v;,v;) < 0 if v; € V7 and v; € V> for some i and j,(or); p*(vi,v;) = 0 and p~(v;,vy) <0, if v;€ Viand v, €
Va,(or); p*(vi,vy) > 0,p7(vi,v) =0, if v; € V1 and v; € V> for some i and j. A bipartite bipolar fuzzy graph G = (V,E) is said
to be complete bipartite bipolar fuzzy graph if p*(v;,v;) = min{u*(vi),x"(v})} and p~(v;,v)) = max{u (vi),u"(v;)} for all v,
€ Viand v; € V5. Its denoted by K, », Where |V1]| = m,|V2| = n. A vertex u € V of a bipolar fuzzy graph, G = (V,E) is said
to be an isolated vertex if p*(v,u) = 0 and p~(v,u) = 0 for all v € V. That is N(u) = ¢. Thus an isolated vertex does not
dominate any other vertex in G. A bipolar fuzzy graph, G = (V,E) is said to be strong bipolar fuzzy graph, if p* =
min(u*;,u*;), for every i and j and p~= max(u~;,u ;) for all (v;,v;) € E. A bipolar fuzzy graph,

H=(XY) is said to be bipolar fuzzy subgraph of G = (V,E) if X € V and 5

YC E Thatis u¥ < u*;, i > pu and p¥ < p*; p> > p~. A vertxe subset D of V inBFG is called dominating set of bipolar

fuzzy graph G, if for every v € V' —D there exists u € D, such that (uv) is strong edge. A subset D of V'is called a dominating

set in G if for every v € V D, there exists u € D such that u dominates v. A dominating set D of BFG is called minimal

dominating set if D —{u} is not dominating set for every u € D. A minimal dominating set D, with |D| = y(G) is denoted

by y —set. Let D be y —set of G, if ¥ —D contains y —set, D® of (G), then D8 is called an inverse dominating set with respect

to D of G. An inverse dominating set D® of G is called minimal inverse dominating set if D®—{u} is not inverse dominating

setof G for every u € D®. The minimum cardinality among all minimal inverse dominating sets of G is called the inverse

domination number of G and denoted by y3(G).

3 Inverse Domination In Some Operation On Bipolar Fuzzy Graphs
Definition 3.1. /18] Let G1= (V1,E1) and G2= (V2,E>) be two BFGs on
V1, Va respectively with Vi 0\ Vo= ¢. The union of Gy and G» and defined by

| t | F
G1 U Gais the bipolar fuzzy graph on V, U Vyand defineds G = G U G,= {0 Upg iy Upy ), (pi Upy,pr Upy )t
Where

‘ = it - V4
py(x) if zeWw; (@) if e eWy
(uf Upd))=4 " S Um)(@)=4 "
g (x) if v € Vy ty () if v €V,
o (zy) if zy € By py (zy) if zy € By

(ol Ups Nay)=S pd(xy) ifey € Ba (prUpa )(@y)= < py (zy) if 7y € Ea
0 otherwise 0 otherwise

Theorem 3.2. Let G1 and G, be two bipolar fuzzy graphs, then
PY(G1U G2) = y%(Gh) +yX(G).
6
Proof. Let D\® and D,%be an inverse dominating sets of Gy and G, with respect to D and D; respectivily, Then D8 < V; —
Diand ng C Vo— D,
Therefore,y®(G1) < |vi— D1|, y%(G2) < [va— D»|. Thus D18 U D28 € (V1 — D1) U (V2 — D2). Thus
DYUD, C (Vi—D1)U(Va— Dy)
o)
PEUPE < |(Vi—= D) U (Vo= Do) =|Vi— Di| + [V2— Da|.
Hance

Y(G1U Ga) =Y(G1) +7'(Ga).
Examples 3.1: consider the bipolar fuzzy graphs G, and G, gevin in the figures 3.1a and 3.15.

a(0.2,—0.5)

(G2) :

(0.2,—0.4)

(0.2, —0.6)

© (0.3, —0.4)
b(0.3, —0.7)

Fig.3.1a Fig.3.1b

Volume-6 | Issue-2 | Nov, 2020

11



a(0.2, —0.5)

(0.2,—0.4)

> (0.3, —0.4)
b(0.3,—0.7)

Fig 3.1c : (G1V G?)

The union of G and G, is showen In figure (3.1c)we see that Dy is a y — set of G, D2isa y —set of Goand D =D; U Dsis
ay— set of Gy U Gy with |D| = |Dy UDa| = |D1[+|D2| = {|a|}+{le|} Therefore, the inverse domination of G and G are |D;8 |
= {|d|} and | D, | = {|b,c|} respectively. The inverse dominating set of (G1 U Gy) is |D:¥ |+ |D22 | = ({|b.c|} + {|d|}).

(- (-
Definition 3.3. /18] Let Ar = (15 11) anaA2 = (K2 5 113) e bipolar fuzzy subset of Vi and Vain which ViNVa= @

Bi = (o7, p7) andBa = (072 03) b i -
and letP1 P15 P1 ) andP2 P25 P2 ) be bipolar fuzze subset of V1 x Vaand V> x Vi respectivily then we denoted
the join of two bipolar fuzzy graphs G and G defined by G1+ G2= (A1 + A2, B1+ B>)

and defined as follows
(p + pg )(1) = min{p} (z), nd (z)} ifr € ViU,
(py + po M) = max{p; (x), 15 (z)}
(b1 + p3)(@y) = min{p{ (x). p3 (v)} ifey € B, UE,
(6 + p3)(ww) = maz{pr (), 55 (W)}
(o + p3)(@y) = min{p{ (x), p3 (y)} ifoy € B
(i + 03 )(ww) = maz{p; (), 55 W)}

Where £ \ is the set of all edge joining the vertices of Viand V.

Theorem 3.4. Let G1 and G, be two bipolar fuzzy graphs, then
V(G + Gs) = mazx{~y(Gy), 7' (G1)}.
D) D}

\
Proof. Let ! and 72 be an inverse dominating sets of G and G> with respect to D; and D, respectivily, Then Dy cn
: Y (Gh) € P —v(GY) and v (Gs) € Py — 4(Ga).
— D and D, C V,— D,. Therefore, ' (G1) < P —7(Gy) and 7(G2) < 1 1(Ga) Then
D18+ D28 < (V1 —D1)+ (V2 —D2)
o)
D ;
|7+ T2 < (V= D) + (V2= Do)l
Where P = P, + P>Hance
Y(G) =~ (G1+ Ga) < |(Vi — D1) + (Vo — D3)|
By theorem (3.1) in [18] 9(G1+ G2) = min{y(G1),7(G2)}.
Then
MG+ Ga) < |Vi+ Va| — (|1 A |Da])
(G +Ga) < P — (Dy) A D)) = |Dy| V| Dy
Hance
Y (G + Ga) = max{~y'(G1),7(G2)}. 0
Examples 3.2: consider the bipolar fuzzy graphs G> and G gevin in the figures 3.2a and 3.2b.
. a(0.3,—0.5) b0.2, —0.6)
70404 0.2.-05)
L /,/ (0.3.-0.3) _,:.-’/ _ .
(Ga) : / Egl'i,‘ (0.2, -0.3)
0.2/40.3 0.2,40.2)
[/ ) (0.4, —0.2) (B.0~0-2)
_ //r_nf". l__:1:;': . ;
et oy | _ (026, —0.4) d(0.7,—0.3)
e(0.2,—0.8% 2. =03 e 4(0.5,-0.2)
Fig3.2a Fig3.2b.
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D, = {f} is minmum cardinalty of G»

D= {a,c} is minmum cardinalty of G,

2(G2) = D] = {[f} 2(G1) = D1 = {lacl}
2 5.d)
(:3-.2)
325 i ) e 5,-.3)
' 2,05
: {33 e
{2
FERREY < 23} ) .M,- 2
-4
i {:2; =)
3}‘ (4643 .6, -4) af2.-:3) (2.3 fis; -4
(:2.+.3)
3
1, -4)
& 3

Fig 3.2¢ : (G1+ G2)

The join of G and G» given in figure (3.2c)we see that D is a y — set of

Gi,Dyisay—set of Goand D = D+ D, is a y — set of G+ G, with |D|
domination of Gjand G; are D;®
max{|Di*|,|D:2* | = max{{|b,dl},{le.gl}} = {le.gl}. 10

Definition 3.5. Let G, =
of Gi1and G, and by

= min|D1|,|Ds| = {|a,c|}, {|f]} Therefore, the inverse

= {b,d} and D;= {e,g} respectively are minimal dominating sets of G = G1+G,and y®=
g

(V1,Ev) and Go= (V2,E») be two BFG on Vi, Varespectively with Vi N Va= @. The Cartesian product

G x Gy is the bipolar fuzzy graph on Vi x V> and defined by G = G x G, =

{0 X s gty X g ), (pf X paypy % py )}, such that
() % pg ) (ey) = min{p! (2), s ()} iy V% W
(py % iy )(wy) = maxfpy (x), pg (y)}
(i % py) (@) (zye)) = mindpl (2)p3 (nye)y Votitis € B
(p1 X po )((2n)(2y2)) = max{p,y (x), ps (M1y2)}
(P x p3 )((@1y)(w2y)) = min{p| (x122), 13 (y)} O
(p1 X po )((m1y)(w2y)) = maz{py (w122), p1y (y) }

Theorem 3.6. Let G1 and G» be two bipolar fuzzy graphs on Vi and V> respectivily, with Vi N Vo= @, then
TGy x Go) = max{|D] x V3|, |V} x Dy|}.

\
Proof. Let D\ and L2 be an inverse dominating sets of Gy and G, with respect to D and D, respectivily, Then Dy ey -

Dyand P2 ¢ v, D, Therefore 7' (G1) < P, - y(Gl) and )

(Gz) < P,—y(G»). Then

Dy x 2 c (V] —D1) (Vz—Dz).
So
| Dy x D2 < (1, - D)) x (12— D).
Thus
7 (G)= T (Gix Gy < (V-

By theorem (3.2) in[18] y(G1 % G2) = min{|D1 x V2|,|V1 % D»|}. Then

th (G1XG) S | VixVa—p(GixGy) =
Hance

7' (Gy % Ga) = max{| Pi x Vo) |7

\
Do

Dy) x (V2= D»)|.

\
VX Val=(DixValAVixDaf) = | Pt x v i< Pz |,

]

Examples 3.3: consider the bipolar fuzzy graphs G, and G gevin in the figures 3.3a and 3.3b.
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a(0.2,—0.5)

02 (0.2, —0.4)
(0.2, —0.6)
¢(0.3,—0.4)
b(0.3,—0.7)
Fig 3.3a Fig 3.30.
.'{)-‘_; = ‘{”} = 1’)‘_;{(1‘2} = {b,l"}‘ [)| = {(} = 1!)‘]{(1‘|} = '{“’}
—— " bd(02, 0.
(1:.2.—{1.5"’1"”"["- 035 5)
(0.1,10.5)
' (0.1]—0.5) (0.1]—0.4)
(G % Gg) :
(0.1,-0.5) —e(0.1, <oy &0 09
ae(l. —(] 5) (0.1, —0.4) ((R’ 1,—0.4
Fig 3.3c.

The Cartesian product of G| and G» given in figure (3.3¢) we see that D;is a y — set of G, D> is a y — set of Goand D
isay — set of Gi x G, with
\D| = min|V\ x Da|,|D1 x V3| Therefore, the inverse domination of G, and G,are I = {d} and D {b,c} respectively. The
inverse domination number of (G1 x G») is max{{|da,db,dc|}, {|ce,cd,be,bd|}} = {|ce,cd,be,bd|}.

Definition 3.7. [18] Let G1= (V1,E\) and G»= (V2,E») be two BFG

on Vi, Varespectively with Vi N Vo= @. The strong product of Giand G, and defined by G\ Q G is the bipolar fuzzy graph
on V1 Q V>and defined as

G=G1Q G2= (V1 ® Vo,E1 Q E»), sach that

(i} ® 1) () = minuf (2), 15 ()}
(117 @ g )(ay) = max{p, (x), 115 (y)}

V(e y) e Vi x Vi

(pf ® p3)((z31)(zy2)) = min{pf (z), p3 (y172) } Vi € Vi, (giu) € By
(p1 ® py ) (1) (wy2)) = maz{py (2), py (3192) }
(pf ® p3)((21y)(22y)) = min{p| (v122), p3 (y)} Yy € Vo (122) € By
(p1 ®@ py )((z1y)(w2y)) = max{py (z122), iy (y) }
)‘ $ )' T17 77””J g 'I H it )‘ Y1
(1 @ py)((21y)(x {1 (2172), p3 (y192)} o) & B, (ivgs £ B
(p1 ® py )((71 Ul)( )) = maz{p; (1172), py (4132)}

Theorem 3.8. Let G and G» be two bipolar fuzzy graphs on Vi and V> respectivily, with Vi 0 V2= ¢ then
Y(G1 ® Gy) = |D} x Dy.

Proof. Let D and P2be an inverse dominating sets of G and G, with respect to D and D- respectivily, Then Dy e p-

Diand Dy ¢ V2— D». Therefore, 7 (G1) < P;—y(G)) and 7 "' (Gy) < Po— %(Gy). Then
D‘ ®D‘ (V *Dl) (Vz*Dg)
So
Dj D
P11 ® 2 <|(i= D) ® (2~ D)l
Thus
7@ =7 (G1® G) <P~ (Gi® Go) = (V1= D1) ® (V2 Dy)|. By theorem (3.5) in [18],
1(G1 @ G2) =|D1 % D,|, then
\
A (G1RG2) < Py(GiQ G2) = [VixVa|~(|D1xDy)| < [VixVa—D1xDs| = | Dy Dy 113
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Hance
7' (G1 @ G2)=|D18 x D28 |. O

Examples 3.4: consider the bipolar fuzzy graphs G> and G gevin in the figures 3.4a and 3.1b.

. = e(0.7,=0.4)
a(0.3,—0.7) (03:=05)  p0.4, —0.5) &
L ——

¥
= . o
(Ga) : (G~
(0.2,204)  (12,-0.3)
(0.2, —0.4)
' /{_{1,2. —(I.:'i_]L
5 102 =06) a3, -0.3)
(0.2, —0.58 % 405, -0.4)
Fig 3.4a Fig 3.40.
D,y = {a} = DY(Gs) = {b.c} D, = {e} = DV(G,) = {d}

Fig 3.4c: G1® G2
The strong product of G and G- given in figure (3.4c) we see that Dyis a y — set of Gi, Drisay —set of Goand Disay —

set of G\ Q G with |D| = |D1xD,| Therefore, the inverse domination of G and G are Dy = {e,g} and Dj - {b,d}
respectively. The inverse domination number of (G1 ® G») is | Dix D )2| = |de,dg,eb,bg|

Definition 3.9. /18] Let Gi= (V1,E1) and G2= (V2,E») be two BFG on Vi, Varespectively with Vi 0 Vo= ¢.The composition
of Giand G, and defined by G ° Gz is the bipolar fuzzy graph on Vi° Vyand defined as G = G1° G2= (Gi[G2]) = (Vi °
Va,E1 ° E») sach that
(pe) © pa )zy) = min{pe! (), s ()} V(z,9) € Vi x Vi
(1) o py Nay) = max{p, (), 1y (y)}
(:.”1- ° g3 )‘:(J‘.ffl.)(..-"!!z_}} = min{p) (x), p3 (1142} Vi & VA, (5igs) & B
() o py () (wue)) = max{py (&), ps (ny2) }
(p1 © p3 )((w1y)(way)) = min{py (xrx2), 1f ()} Yy € Vi, (x120) € B
(I“l 0 1y ]([’IU](IZU}} = ”m‘fl{v”! {J'].I'Q)‘ Mo {.“f}}
; ;If Tatjs)) = ] 1 Tr1ra), l N ,' »
{ (p1 0 pa )(wran) (way)) = mind{py (wrr2). gt (11 A gy (y2)) } Vs el e B,

(p1 0 po M) (2ay2)) = max{py (wrws), jy (g1 V pey (y2))}

Such that (9 # y2)'

Theorem 3.10. Let G and G2 be two bipolar fuzzy graphs, then

7(G10Gy) = |D) x D).
Proof. Let DY and P2 be an inverse dominating sets of G| and G» with respect to D and D respectivily. Then Dy cp—
Diand P2 € 13— Dy, Therefore, 7' (G1) < P1— (Gy) and y%(Gs) < P — 7(G) and by theorem (3.3) in [18]. 7' (G1° Go)
SP—=9(G1° G2) =P —|D1 % Do|=|V1% V2| = D1 X D,
Such that P =|Vio Vo| = |V1 % V3|
Hance

T(Gro Go) < |(Vi— D) x (Vo= Do) = | Pi x P O
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Examples 3.5: consider the bipolar fuzzy graphs G> and G gevin in the figures 3.5a and 3.5b.

e(0.1, —0.7)

(0.2, —0.5) .
/.

i //'; ) 4

(Gy) /// {(;_}-':
(0.2, —053) (0.1,£0.5)
/ (0.2, —0.4)
(. e ‘ _ d(0.2-0.5)
503, —0. & L2=00-@ (0.3, -0.4)
Fig 3.5a Fig 3.5b.
D, = {a} = Dy(Gy) = {b,c} Dy ={e} = DV(Gy) = {d}

m‘.’((l_‘l —()_-:')) (0.2 —0.4) cd (0.2, —“.-1)

(0.2, =052 02 —0.84 u;ﬁ;’/ i
0.1 ; A —

[),(r./—(}._l'
5 /._( ({}.) 1

by

0.1 =050 X, =0
(0.1,—0.4)
Flg 3.5¢: Gi° G2

(0.1, _L),ﬂfu s ot OV

The composition of G| and G, given in figure (3.5¢) we see that D, is a y—set of G1, D>isa y — set of Goand D is a y — set
of G ° Gy with |D| = |Dy x D,| Therefore, the inverse domination of G| and G are Dy = {d} and Dy — {b,c} respectively.
The inverse domination number of (G °G») is | Dy x D :2| = |db,cb| 16
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