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1 INTRODUCTION
Zhang[19] initiated the concept of bipolar fuzzy sets as a generalization of fuzzy sets. The fuzzy relations between fuzzy 
sets were also considered by Rosen-feld. He developed the structure of fuzzy graphs, obtaining analogs of several graph 
theoretical concepts. The notion of bipolar fuzzy graphs was introduced by Akram[1]. The concept of domination in fuzzy 
graphs was investigated by A. Somasundaram and S. Somasundaram[15]. M. G. Karunambigai, M. Akram and K. 
Palanivel[11] investigated the concept of domination in bipolar fuzzy graphs. S. Ghobadi, N. D. Soner and Q. M. Mahioub 
introduced the concept of inverse domination number in fuzzy graphs[8]. Akram and Rabia Akmal introduced the concept 
of certain operations on bipolar fuzzy graph structures [5], also defined some operations on bipolar fuzzy graphs. The 
domination in operations on bipolar fuzzy graphs was investigated[18]. In this paper we introduce and invistegate the 
concept of inverse domination in some operations on bipolar fuzzy graphs. We obtain the bounds of the inverse domination 
number in some operations on bipolar fuzzy graphs like union, join, Cartesian product, strong product and composition.

2 Preliminaries
In this section we review some basic definitions related to bipolar fuzzy graphs and inverse domination in bipolar fuzzy 
graph.
A bipolar fuzzy graph BFG, G is of the form G = (V,E), where
(1)V = {v1,v2,.....,vn} such that µ+ : V → [0,1] and µ− : V → [−1,0].
(2)E ⊂ V × V , where ρ+ : V × V → [0,1] and ρ− : V × V → [−1,0] such that,

ρ+ = ρ+(vi,vj) ≤ µ+(vi) ∧ µ+(vj)
and

ρ− = ρ−(vi,vj) ≥ µ−(vi) ∨ µ−(vj)

for all vi,vj ∈ V. In a bipolar fuzzy graph G, when ρ+ = ρ− = 0 for some i and j, then there is no edge between vi and vj. 
Otherwise there exists an edge between vi and vj. A bipolar fuzzy graph, G = (V,E) is said to be semi − ρ+ 3
strong bipolar fuzzy graph if ρ+ = min(µ+

i ,µ+
j ) for every i and j. A bipolar fuzzy graph BFG G = (V,E) is said to be semi−ρ−

strong bipolar fuzzy graph if ρ− = max(µ−
i ,µ−

j ) for every i and j. Let G = (V,E) be a bipolar fuzzy graph.
Then the cardinality of G is defined to be

.

The vertex cardinality of G is defined by

.

For all vi ∈ V . is called the order of a bipolar fuzzy graph is denoted by P(G). The edge cardinality of a bipolar fuzzy 
graph G is defined by

.
For all (vi,vj) ∈ E is called the size of a bipolar fuzzy graph is denoted by q(G). An edge e = (x,y) of a bipolar fuzzy graph 
is called strong edge if ρ+(x,y) = min{µ+(x),µ+(y)} and ρ−(x,y) = max{µ−(x),µ−(y)}. The degree of a vertex can be 
generalized in different ways for a bipolar fuzzy graph G = (V,E). The effective degree of a vertex v in a bipolar fuzzy 
graph G = (V,E) is defined to be sum of the weights of the strong edges incident at v and it is denoted by dE(v). The 
minimum effective degree of G is δE(G) = min{dE(v)|v ∈ V }. The maximum effective degree of G is ∆E(G) = max{dE(v)|v 
∈ V }. The vertex v is adjacent to a vertex u if they reach between the strong edge. Two vertices vi and vj are said to be 
adjacent if neighbors in a bipolar fuzzy graph G = (V,E) if either one of the following conditions holds,
(1) ρ+(vi,vj) > 0 and ρ−(vi,vj) > 0,
(2) ρ+(vi,vj) = 0 and ρ−(vi,vj) < 0,
(3) ρ+(vi,vj) > 0 and ρ−(vi,vj) = 0,vi,vj ∈ V. And they are strong neighbor if ρ+(v,u) = min{µ+(v),µ+(u)} and ρ−(v,u) = 

max{µ−(v),µ−(u)}. A vertex
subset N(v) = {u ∈ V : v adjacent to u} is called the open neighborhood set of a vertex v and N[v] = N(v) ∪ {v} is called 
the closed neighborhood set of v. The neighborhood degree of a vertex v in a bipolar fuzzy graph, G = (V,E) is defined to 
be sum of the weights of the vertices adjacent to v, and it is denoted by dN(v), that is mean that dN(v) = |N(v)|. The minimum 
neighborhood degree of G is δN(G) = min{dN(v)|v ∈ V }. The maximum neighborhood degree of G is ∆N(G) = max{dN(v)|v 
∈ V }. A bipolar fuzzy graph, G = (V,E) is said to be complete bipolar fuzzy graph if ρ+(vi,vj) = min{µ+(vi),µ+(vj)}, ρ−(vi,vj) 
= max{µ−(vi),µ−(vj)}, for all vi,vj ∈ V and is denoted by Kp. The complement of a bipolar fuzzy graph, G = (V,E) is a bipolar 

fuzzy graph, where

Volume-6 | Issue-2 | Nov, 2020 10



for all i,j = 1,2,3,...,n. A bipolar fuzzy graph G = 
(V,E) is said to bipartite if the vertex set V of G can be partitioned into two non empty subsets V1 and V2 such that
(i) ρ+(vi,vj) = 0 and ρ−(vi,vj) = 0 if vi,vj ∈ V1 or vi,vj ∈ V2;
(ii) ρ+(vi,vj) > 0 and ρ−(vi,vj) < 0 if vi ∈ V1 and vj ∈ V2 for some i and j,(or); ρ+(vi,vj) = 0 and ρ−(vi,vj) < 0, if vi ∈ V1 and vj ∈

V2,(or); ρ+(vi,vj) > 0,ρ−(vi,vj) = 0, if vi ∈ V1 and vj ∈ V2 for some i and j. A bipartite bipolar fuzzy graph G = (V,E) is said 
to be complete bipartite bipolar fuzzy graph if ρ+(vi,vj) = min{µ+(vi),µ+(vj)} and ρ−(vi,vj) = max{µ−(vi),µ−(vj)} for all vi 

∈ V1 and vj ∈ V2. Its denoted by Km,n, where |V1| = m,|V2| = n. A vertex u ∈ V of a bipolar fuzzy graph, G = (V,E) is said 
to be an isolated vertex if ρ+(v,u) = 0 and ρ−(v,u) = 0 for all v ∈ V . That is N(u) = φ. Thus an isolated vertex does not 
dominate any other vertex in G. A bipolar fuzzy graph, G = (V,E) is said to be strong bipolar fuzzy graph, if ρ+ = 
min(µ+

i ,µ+
j ), for every i and j and ρ− = max(µ−

i ,µ−
j ) for all (vi,vj) ∈ E. A bipolar fuzzy graph,

H = (X,Y ) is said to be bipolar fuzzy subgraph of G = (V,E) if X ⊆ V and 5
Y ⊆ E. That is µ8+ ≤ µ+

i , µ− ≥ µ− and ρ8+ ≤ ρ+; ρ8− ≥ ρ−. A vertxe subset D of V inBFG is called dominating set of bipolar 
fuzzy graph G, if for every v ∈ V −D there exists u ∈D, such that (uv) is strong edge. A subset D of V is called a dominating 
set in G if for every v ∈ V D, there exists u ∈ D such that u dominates v. A dominating set D of BFG is called minimal 
dominating set if D −{u} is not dominating set for every u ∈ D. A minimal dominating set D, with |D| = γ(G) is denoted 
by γ −set. Let D be γ −set of G, if V −D contains γ −set, D8 of (G), then D8 is called an inverse dominating set with respect 
to D of G. An inverse dominating set D8 of G is called minimal inverse dominating set if D8 −{u} is not inverse dominating 
setof G for every u ∈ D8. The minimum cardinality among all minimal inverse dominating sets of G is called the inverse 
domination number of G and denoted by γ8(G).

3 Inverse Domination In Some Operation On Bipolar Fuzzy Graphs
Definition 3.1. [18] Let G1 = (V1,E1) and G2 = (V2,E2) be two BFGs on
V1,V2 respectively with V1 ∩ V2 = φ. The union of G1 and G2 and defined by

G1 ∪G2 is the bipolar fuzzy graph on V1 ∪ V2 and defineds G = G1 ∪G2 = 
Where

Theorem 3.2. Let G1 and G2 be two bipolar fuzzy graphs, then
γ8(G1 ∪ G2) = γ8(G1) + γ8(G2).

6
Proof. Let D1

8 and D2
8 be an inverse dominating sets of G1 and G2 with respect to D1 and D2 respectivily, Then D1

8 ⊆ V1 −
D1 and D2

8 ⊆ V2 − D2.
Therefore,γ8(G1) ≤ |v1 − D1|, γ8(G2) ≤ |v2 − D2|. Thus D18 ∪ D28 ⊆ (V1 − D1) ∪ (V2 − D2). Thus

so
|D1

8 ∪ D
2

8 | ≤ |(V1 − D1) ∪ (V2 − D2)| = |V1 − D1| + |V2 − D2|.
Hance

Examples 3.1: consider the bipolar fuzzy graphs G2 and G1 gevin in the figures 3.1a and 3.1b.

Fig.3.1a                                                Fig.3.1b
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Fig 3.1c : (G1 G2)

The union of G1 and G2 is showen In figure (3.1c)we see that D1 is a γ − set of G1, D2 is a γ − set of G2 and D = D1 ∪ D2 is 
a γ − set of G1 ∪ G2 with |D| = |D1 ∪D2| = |D1|+|D2| = {|a|}+{|e|} Therefore, the inverse domination of G1 and G2 are |D1

8 | 
= {|d|} and |D2

8 | = {|b,c|} respectively. The inverse dominating set of (G1 ∪ G2) is |D1
8 | + |D2

8 | = ({|b,c|} + {|d|}).

Definition 3.3. [18] Let and be bipolar fuzzy subset of V1 and V2 in which V1∩V2 = φ 

and let and be bipolar fuzze subset of V1 × V2 and V2 × V1 respectivily then we denoted 
the join of two bipolar fuzzy graphs G1 and G2 defined by G1 + G2 = (A1 + A2,B1 + B2)
and defined as follows

Where is the set of all edge joining the vertices of V1 and V2.
8

Theorem 3.4. Let G1 and G2 be two bipolar fuzzy graphs, then

Proof. Let and be an inverse dominating sets of G1 and G2 with respect to D1 and D2 respectivily, Then ⊆ V1 

− D1 and ⊆ V2 − D2. Therefore, Then
D18 + D28 ⊆ (V1 − D1) + (V2 − D2)

so

| + | ≤ |(V1 − D1) + (V2 − D2)|.
Where P = P1 + P2 Hance

By theorem (3.1) in [18] γ(G1 + G2) = min{γ(G1),γ(G2)}.
Then

Hance

Examples 3.2: consider the bipolar fuzzy graphs G2 and G1 gevin in the figures 3.2a and 3.2b.

Fig 3.2a Fig 3.2b.
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D2 = {f} is minmum cardinalty of G2 D1 = {a,c} is minmum cardinalty of G1

γ(G2) = |D2| = {|f|} γ(G1) = |D1| = {|a,c|}

Fig 3.2c : (G1 + G2)

The join of G1 and G2 given in figure (3.2c)we see that D1 is a γ − set of
G1, D2 is a γ − set of G2 and D = D1 + D2 is a γ − set of G1 + G2 with |D| = min|D1|,|D2| = {|a,c|},{|f|} Therefore, the inverse 
domination of G1 and G2 are D1

8 = {b,d} and D2
8 = {e,g} respectively are minimal dominating sets of G = G1+G2 and γ8 = 

max{|D1
8 |,|D2

8 | = max{{|b,d|},{|e,g|}} = {|e,g|}. 10

Definition 3.5. Let G1 = (V1,E1) and G2 = (V2,E2) be two BFG on V1,V2 respectively with V1 ∩ V2 = φ. The Cartesian product 
of G1 and G2 and by
G1 × G2 is the bipolar fuzzy graph on V1 × V2 and defined by G = G1 × G2 =

Theorem 3.6. Let G1 and G2 be two bipolar fuzzy graphs on V1 and V2 respectivily, with V1 ∩ V2 = φ, then

Proof. Let and be an inverse dominating sets of G1 and G2 with respect to D1 and D2 respectivily, Then ⊆ V1 −

D1 and ⊆ V2 − D2. Therefore (G1) ≤ P1 − γ(G1) and (G2) ≤ P2 − γ(G2). Then

× ⊆ (V1 − D1) × (V2 − D2).
So

| × | ≤ |(V1 − D1) × (V2 − D2)|.
Thus

(G) = (G1 × G2) ≤ |(V1 − D1) × (V2 − D2)|.

By theorem (3.2) in[18] γ(G1 × G2) = min{|D1 × V2|,|V1 × D2|}. Then 

(G1×G2) ≤ |V1×V2|−γ(G1×G2) = |V1×V2|−(|D1×V2|∧|V1×D2|) = | ×V2|∨|V1× |.
Hance

(G1 × G2) = max{| × V2|,|V1 × |}.

Examples 3.3: consider the bipolar fuzzy graphs G2 and G1 gevin in the figures 3.3a and 3.3b.
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Fig 3.3c.
The Cartesian product of G1 and G2 given in figure (3.3c) we see that D1 is a γ − set of G1, D2 is a γ − set of G2 and D 

is a γ − set of G1 × G2 with

|D| = min|V1 × D2|,|D1 × V2| Therefore, the inverse domination of G1 and G2 are = {d} and = {b,c} respectively. The 
inverse domination number of (G1 × G2) is max{{|da,db,dc|},{|ce,cd,be,bd|}} = {|ce,cd,be,bd|}.

Definition 3.7. [18] Let G1 = (V1,E1) and G2 = (V2,E2) be two BFG
on V1,V2 respectively with V1 ∩ V2 = φ. The strong product of G1 and G2 and defined by G1 ⊗ G2 is the bipolar fuzzy graph 
on V1 ⊗ V2 and defined as
G = G1 ⊗ G2 = (V1 ⊗ V2,E1 ⊗ E2), sach that

Theorem 3.8. Let G1 and G2 be two bipolar fuzzy graphs on V1 and V2 respectivily, with V1 ∩ V2 = φ then

Proof. Let and be an inverse dominating sets of G1 and G2 with respect to D1 and D2 respectivily, Then ⊆ V1 −

D1 and ⊆ V2 − D2. Therefore, (G1) ≤ P1 − γ(G1) and (G2) ≤ P2 − γ(G2). Then

So

| ⊗ | ≤ |(V1 − D1) ⊗ (V2 − D2)|.
Thus

(G) = (G1 ⊗ G2) ≤ P − γ(G1 ⊗ G2) = |(V1 − D1) ⊗ (V2 − D2)|. By theorem (3.5) in [18], 
γ(G1 ⊗ G2) = |D1 × D2|, then

(G1⊗G2) ≤ P−γ(G1⊗G2) = |V1×V2|−(|D1×D2)| ≤ |V1×V2−D1×D2| = | × |. 13
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Hance

(G1 ⊗ G2) = |D18 × D28 |.

Examples 3.4: consider the bipolar fuzzy graphs G2 and G1 gevin in the figures 3.4a and 3.1b.

Fig 3.4c : G1 G2

The strong product of G1 and G2 given in figure (3.4c) we see that D1 is a γ − set of G1, D2 is a γ − set of G2 and D is a γ −

set of G1 ⊗ G2 with |D| = |D1×D2| Therefore, the inverse domination of G1 and G2 are = {e,g} and = {b,d} 

respectively. The inverse domination number of (G1 ⊗ G2) is | × | = |de,dg,eb,bg|

Definition 3.9. [18] Let G1 = (V1,E1) and G2 = (V2,E2) be two BFG on V1,V2 respectively with V1 ∩ V2 = φ.The composition 
of G1 and G2 and defined by G1 ◦ G2 is the bipolar fuzzy graph on V1 ◦ V2 and defined as G = G1 ◦ G2 = (G1[G2]) = (V1 ◦
V2,E1 ◦ E2) sach that

Such that 

Theorem 3.10. Let G1 and G2 be two bipolar fuzzy graphs, then

Proof. Let and be an inverse dominating sets of G1 and G2 with respect to D1 and D2 respectivily. Then ⊆ V1 −

D1 and ⊆ V2 − D2. Therefore, (G1) ≤ P1 − γ(G1) and γ8(G2) ≤ P2 − γ(G2) and by theorem (3.3) in [18]. (G1 ◦ G2) 
≤ P − γ(G1 ◦ G2) = P − |D1 × D2| = |V1 × V2| − |D1 × D2|,
Such that P = |V1 ◦ V2| = |V1 × V2|.
Hance

(G1 ◦ G2) ≤ |(V1 − D1) × (V2 − D2)| = | × |.
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Examples 3.5: consider the bipolar fuzzy graphs G2 and G1 gevin in the figures 3.5a and 3.5b.

Fig 3.5c : G1 ◦ G2

The composition of G1 and G2 given in figure (3.5c) we see that D1 is a γ−set of G1, D2 is a γ − set of G2 and D is a γ − set 

of G1 ◦ G2 with |D| = |D1 × D2| Therefore, the inverse domination of G1 and G2 are = {d} and = {b,c} respectively. 

The inverse domination number of (G1 ◦G2) is | × | = |db,cb| 16
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