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Abstract:-
This work, Bernoulli wavelet method is formed to solve nonlinear fuzzy Volterra-Fredholm integral equations. Bernoulli 
wavelets have been created by dilation and translation of Bernoulli polynomials. First we introduce properties of 
Bernoulli wavelets and Bernoulli polynomials, and then we used it to transform the integral equations to the system of 
algebraic equations. We compared the result of the proposed method with the exact solution to show the convergence and 
advantages of the new method. The results got by present wavelet method are compared with that of by collocation method
based on radial basis functions method. Finally, the numerical examples explain the accuracy of this method.  
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1. INTRODUCTION  
The study of fuzzy integral equations begins with the investigations of Kelva [1] and Seikkala [2] for the fuzzy Volterra 
integral equation that is equivalent to the initial value problem for first order fuzzy differential equations, where the 
Banach’s fixed point theorem and the method of successive approximations are applied in the problem of the existence 
and uniqueness the solutions. The main problems that arise for fuzzy integral equations are: the existence and uniqueness 
of the solution, and the construction of numerical methods to approximate it. Many researchers have focused their interest 
on this field and published many  articles which are available in literature. Many analytical methods like Adomian 
decomposition method [5], homotopy analysis method [6], and homotopy perturbation method [7] have been used to 
solve fuzzy integral equations. There are available many numerical techniques to solve fuzzy integral equations. The 
method of successive approximations [8,9], quadrature rule [10], Nystrom method [11], Lagrange interpolation [12], 
Bernstein polynomials [13], Chebyshev interpolation [14], Legendre wavelet method [15], sinc function [16], residual 
minimization method [17], fuzzy transforms method [18], and Galerkin method [19] have been applied to solve fuzzy  
integral equations numerically. we introduce fuzzy linear Volterra-Fredholm integral equation is introduced.  
The rest of the paper has been  organized as follows: In section 2, we present some preliminaries and notations useful for
fuzzy integral equations. In section 3, we discuss the properties of Bernoulli wavelets and function approximation. In
section 4, we establish the method for solving Volterra-Fredholm integral equation. Section 5 deals with the illustrative 
example which show the efficiency of the presented method.  

2. Preliminaries of fuzzy integral equation 
Definition2.1.(See Ref. [20].) 
A  fuzzy  number  u  is  represented  by  an  ordered  pair  of  functions 10));(),((££rruru which satisfying the following 
properties.

I. is a bounded monotonic increasing left continuous function.

II. is a bounded monotonic decreasing left continuous function
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3. Wavelets and Bernoulli wavelets 
Wavelets constitute a family of functions constructed from dilation and translation of a single function called mother 
wavelet. When the dilation parameter a and the translation parameter b vary continuously, we have the following family 
of continuous wavelets as 
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where are i. i 0,1,....,m are Bernoulli numbers .
The first four such polynomials, respectively, are 

3.1. Properties of Bernoulli’s polynomial 
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Properties of Bernoulli polynomials are given as follows [24]: 

3.3. Function approximation by using Bernoulli wavelet method  
Any function y(t)which is square integrable in the interval [0,1) can be expanded in a Bernoulli 
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3.4. Integration of Bernoulli wavelet functions 
In Bernoulli wavelet functions analysis for a dynamic system, all functions need to be transformed into BWM functions.  
The integration of BWM functions should be expandable into BWM functions with the coefficient matrix P. These ideas 
come from papers of Chen et al. [25]. 

We can approximate function with this base.  For example for k 2and M 2 
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4. Solution of Volterra- Fredholm integral equation via Bernoulli wavelet method
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5. Illustrative Numerical Example 
We applied the presented schemes to the following Volterra- Fredholm integral equation of second kind. For this purpose, 
we consider the following example. 
Consider the following linear Volterra- Fredholm integral equation 

The above problem has been solved by Bernoulli wavelet method. The comparison between the BWM solution and the 

analytic solution for x [0,1)and t [0,1) is shown in Fig. 1,2 for M 4 and k 3,  then the results are compared with that 

of obtained by collocation method based on radial basis functions method.  We take x 0,0.2,0.4,0.6,0.8,1and r = 0 and 

calculate the absolute errors as er y(x,r) y (x,r).  This comparison is presented in the Table 1. The approximation

solutions of y(x,r) and y(x,r) for r 0,0.1,0.3,0.7,0.9 are shown in Fig.1 and 
Fig.2.  Better approximation is expected by increasing the order of the Bernoulli polynomials.
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Table.1. Comparison of numerical solutions for y(x,r), y(x,r) in Example 1 at r =0 in [23] 

6. Conclusion
In this paper, we proposed an approximation technique to solve fuzzy linear Volterra-Fredholm integral equations. The 
method is based upon reducing the system into a  set of algebraic equations.  The generation of this system  needs just 
sampling of functions multiplication and addition of matrices and needs no integration. The matrix D and P  are sparse;
hence are much faster than other functions and reduces the CPU time and the computer memory, at the same time keeping 
the  accuracy  of  the  solution.  The  numerical  example  supports  this  claim.  The  numerical  results  obtained  by  present 
method is compared with the results obtained by a combination of collocation method and radial basis functions(RBFs)
method. From the above table, it manifests that the present Bernoulli wavelet method gives more accurate results than a 
combination of collocation method and radial basis functions (RBFs) results.  Additionally, the computational time of 
present method is much smaller than that of obtained by a combination of collocation method and radial basis functions
(RBFs).  Moreover, the absolute error improves by increasing the order of the Bernoulli polynomials. Illustrative example 
is  included  to  demonstrate  the  validity  and  applicability  of  the  proposed  technique.  This  example  also  exhibits  the
accuracy and efficiency of the present method.
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