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Abstract

In this paper, a general vector equilibrium problem and a general strong vector equilibrium problem are
introduced and studied in the Hausdorff topological vector spaces, along with many existing models of
vector equilibrium problems and equilibrium problems as special cases. We also consider and introduce
some new concepts of general biconvex sets and functions involving an arbitrary function. Applying the
KKM theorem yields an existence conclusion for the bi general vector equilibrium problem and the
bigeneral strong vector equilibrium problem. There are also a few particular examples and cases displayed.
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1. Introduction

The equilibrium problem, which is a generalization of standard variational inequalities, has been the focus of extensive
modern studies. The problem may be traced back to Blum and Oettli [9] and Noor and Oettli [26]. Since vector
equilibrium problems provide frameworks for a variety of problem classes, including vector variational inequality,
vector complementarity, vector optimization, and vector saddle point problems, many researchers are becoming more
interested in them (see [9, 12, 13, 26] and references therein). For vector (quasi-equilibrium problems, a number of
eminent scholars have established existence results, including [4, 8, 15, 18, 19, 27]. General biconvex functions are the
title given to this specific class of nonconvex functions [24]. We examine a different class of nonconvex functions with
regard to an arbitrary bifunction in order to conduct further advancements in this area.
Let X be a Hausdorff topological vector space, and Y be a real-ordered Hausdorff topological vector space. Let Kgp be
a nonempty general biconvex subset of X, g: Kgp = Kgpand B(- —-): K45 X Ky = R be a mapping. Let P: K p — 27
be a point-to-set mapping such that P is a proper, closed, and general convex cone in Y with int P # @.

A nonempty subset P of Y is called a pointed and convex cone in ¥, if

i) P+ P ="p

(i) AP € P,YA > 0 and

(ii)) P n {=P} = {0}.

This cone P induces a partial order on Y [22], defined as follows: For all x, y € Y, we have
x <y & y— x € inth;
x<ye©y—x€FP
xVy oo y—xVintp
xfyoSy—x¢P

In this research, we examine the following general vector equilibrium problem (for short, 5iGVEP) and bigeneral strong
vector equilibrium problem (for short, 5iGSVEP).

Definition 1.1. A nonempty subset K ggof Xis termed as general biconvex with regard to an arbitrary function g: K g5 —
K 4pand bifunction (- — ), if

9+ AB(g(Y) — g(x)) € Kgp, Vg(x), g(v) € Kygp, A € [0,1].

A gpB-connected set is the general biconvex set K gg. It should be noted that while the general convex set K is a general
biconvex set with S(g(y) — g(x)) = g(y) — g(x)and the converse is not true.

Remark 1.2. Theset K =R\ (— 1_' 1_)is a general biconvex set with respect to function 3, where

9B 2 2
Ba(y) — g(x)) = {y(y) —9™®),  for g(y) >0,9(x) > 0or g(y) <0,g(x) <0
g(x) —g), forg(y) <0,9(x) >0o0rg(y) <0,g9(x) <0

Clearly, K 4pis not a general convex set.

If we take g = I, the identity operator, then Definition 2.1 reduces to

Definition 1.3. A set Kgis said to be biconvex with respect to arbitrary bifunction B(- —-), if

u+Ap(v —u) € K, 1 € [0,1].

The biconvex set Kgis also called a f-connected set, which was mainly introduced and studied by Noor et al. [25]. We
would like to mention that the §-biconvex set is quite different from the invex considered in [1].

(biGVEP) Find g(x) € K 45 such that for all g(z) € Kgp, 41,4, € (0,1], (1)
fg@) + 11B(g(x) — 9(2)), g) + h(g(2) + 12p(g(x) — g(2)), 9(¥)) &€ —intP,Vg(y) € Kyp
(biGSVEP) Find g(x) € K 44 such that for all g(z) € K 43,11, A2 € (0,1], @

é (9(2) + 1B(g(x) — 9(2)), 9()) + h(g(2) + 22p(g(x) — g(2)), 9(¥)) € —P\ {0}, Vg(¥) €
9B

Where £,8: K98 X Kgp - Y are the given bifunctions.
Special Cases:

%) If Blg(x) — g(2)) = (g(x) — g(2)), and A2 = 1, then (biGVEP) reduces to the problem of determining g(x) €
g8 such that for all g(z) € K 95’11 € (0,1] , we have

fg(@) + (g(x) — 9(2)), 9(¥)) + h(g(x), g(¥)) & —intP,Vg(y) € Kgp.

For g = I, the problem (3) is studied by Ahmad and Akram [3]. @)
(i1) If 24,4, = 1, then (biGVEP) reduces to the problem of finding g(x) € K 44 such
that

fg(®), g) + h(g(x), 9(¥)) & —intP,Vg(y) € Kgp.
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For g = I, the problem (4) is called the vector equilibrium problem, introduced and studied by K. R. Kazmi [17].
(1i1)If 21,22 =1, P =Ry, Y =Rand B(g(x) — 9(2)) = (g(x) — g(2)), then (hiGVEP) reduces to the problem:

Find g(x) € K45 such that

fg(x), g) + h(g(x),9(¥)) = 0,Yg(y) € K gp. ®)

It is evident that many of the current models of vector equilibrium, equilibrium problems, and related problems can be
generated with a suitable choice of operators used in the formulation of (1) and (2). In this paper, bigeneral vector
equilibrium problems (biGVEP) and bigeneral strong vector equilibrium problems (biGSVEP) in Hausdorff topological
vector spaces are studied, and existence results are established. Our findings can be viewed as an expansion of those of
Ahmad and Rahaman [23] and Noor et al. [24]. And for other applications and recent advancements, we see [2, 9, 10,
16, 17, [20, [21] and the references therein.

The structure of the paper is as follows:

Section 2 covers essential definitions and preliminary results. Section 3 presents the main theorem of the study, along
with an example.

2.Preliminaries
The concepts and definitions listed below are necessary to support the results obtained in this paper.

Definition 2.1. Let K 5 be a nonempty subset of a Hausdorff topological vector space X. A set-valued mapping
F:Kgg —2Y is said to be bigeneral KKM-mapping if, for each finite subset {g(x1),..,g9(xn)} of
Kgp,co{g(x1), ..., g(xn)} SUE; F(g(xy)), where co{g(x1), ..., g(x,)} denotes the convex hull of {g(x1), ..., g(xn)}.
The following result is a generalization of the aforementioned KKM-Theorem by K. Fan [14], and its proof can be
easily extended to the mapping F and g.

Theorem 2.2. Let K 45 be a subset of a topological vector space X, g: K g5 = K g be a mapping, and let F: K g3 — 2¥
be a bigeneral KKM-mapping. If for each g(x) € Kgp,F(g(x)) is closed, and if for at least one point g(x)
€

Kgp, F(g(x)) is compact, then Ng(xek F(g(xo) # ¢.

Definition 2.3. A mapping h: K43 X K45 = Y is called bigeneral P-monotone if and only if
h(g(x), g) + h(g(¥), g(x)) € =P,Vg(x), g(¥) € Kgp.

Definition 2.4. A mapping h: K43 X Ky = Y is called bigeneral P-monotone with respect to the line-segment [., g(z))
ifand only if, for each g(z) € K 45,4 € (0,1], we have

h(g(2) + AB(g(x) = 9(2)), g) + h(g(2) + AB(g(¥) — g(2)), g(x)) € —=P,Vg(x), g(¥) € Kyp,
where [., g(z)) denotes the line segment joining the points, excluding the endpoint g(z).

Remark 2.5. If A = 1 and f(g(x) — g(2)) = (g(x) — g(2)), Then Definition 2.4 reduces to Definition 2.3.

Definition 2.6. Let (Y, P) be an ordered topological vector space. A mapping T: X — Y is called general P-biconvex if
and only if for each pair g(x), g(y) € K45 and 4 € [0,1],

T(g() +AB(g(x) = g(»))) <p AT(g(x)) + (1 = HT((Y)).

Lemma 2.7.[11]. Let (Y, P) be an ordered topological vector space with a pointed, closed and convex cone P. Then
forall g(x), g(y) €Y, we have

(i) 9() —gx) € intP and g(y) & intP imply g(x) & intP;

(i) g(y) —g(x) € Pand g(y) & int P imply g(x) & intP;

(iii) g(v) — g(x) € — intP and g(y) & — intP imply g(x) & — intP;

(iv) g(y) —g(x) € =P and g(y) & — int P imply g(x) & — intP;

Proof.

(i)  Assume that g(y) — g(x) € intP and g(y) € intP.

We have to show that g(x) & intP. Suppose, on contradiction, g(x) € intP. Then, g(y) = g(x) + g(y) — g(x), where
g(x) € intP and g(y) — g(x) € intP. Since the interior of the convex cone is closed under addition, g(y) € intP,
which is a contradiction.

Hence, g(x) ¢ intP.

(i)  Assume that g(y) — g(x) € P and g(y) € intP.

We have to show that g(x) & intP. Suppose, on contradiction, g(x) € intP. Then, g(y) = g(x) + g(y) — g(x), where
g(x) € intP and g(y) — g(x) € intP. Since the interior of the convex cone is closed under addition, it implies g(y) €
intP, which is a contradiction.
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Hence, g(x) € intP.

(iii) Assume that g(y) — g(x) € — int P and g(y) € — intP.

We have to show that g(x) € — intP. Suppose, on contradiction, g(x) € — intP. Then, g(y) = g(x) + g(¥) — g(x),
where g(x) € —int P and g(y) — g(x) € —intP.

Since -intP is also convex, it implies g(y) € —intP, which is a contradiction.

Hence, g(x) € — intP.

(iv) Assume that g(y) — g(x) € —P and g(y) &€ —intP.

We have to show that g(x) € — int P. Suppose, on contradiction that g(x) € — intP. Then, g(y) = g(x) + g(y) —
g(x), where g(x) € — int P and g(y) — g(x) € — int P. Since -int P is also convex, g(y) € —intP, which is a
contradiction.

Hence, g(x) € — intP.

Lemma 2.8. Let X be a Hausdorff topological space, and let A1, Az, ..., A, be nonempty compact subsets of X. Then
co(Ut=1 A;) is compact.

Example 2.9. Let X = R,Y = R?, K3 = R\{0},
P={(g(x),9(¥)):g(x) <0,g(y) <0}SYandleth:Ksz X Kgg = Y be defined as

N h(g(x), g() = ((g(x))? —29(y) + 1, (g(x))? — (gD, Vg(x), g(¥) € Kgp.
oW,

;l(g(X).g(y)) +h(@»), 9(x) = ((g())?* —29(y) + 1, (g(x)? — (9(»)?
+((9())? —29(x) + 1,(g))? — (g(x))?)
=(((@x))2=29(x)+ 1D+ (9))?*—29() + 1),0)

= (@) - 1*+ (g(y) —1)20) € —P.
This shows that h is bigeneral P-monotone.

Example 2.10. Let X =Y = R, K 5 = R\{0},
P={(g(x),9(¥)):g(x) <0} and let h: K p X Kzp — Y be defined for each g(z) € K,p and 1 € (0,1] by h(g(z) +
ABg(x) = 9(2)), 9(¥)) = 9(2) + A(g(x) — 9(2)) = Ag(¥), Vg (x), g(¥) € K.
Now,
h(g(2) + 2B(g(x) — 9(2)), g¥)) + h(g(2) + AB(g(¥) — g(2)), g(x))
=92 +Ag(x) —g(2) —2g(y) + 9(2) + A(g(y) — 9(2)) — A9 (x)
=2(1-A)g(z) € —P.

This shows that h is bigeneral P-monotone with respect to the line segment [., g(2)).

Remark 2.11. If A =1 in Example 2.10, then it can be easily verified that h is bigeneral P-monotone. as mentioned in
Definition 2.3.

Example2.12. Let X =Y =R, Kz = R\{0},P = {x E R: g(x) = 0} and T: Ky X K43 — Y be defined by
T(g(x),9) = (g(x) +g())? = 2(g(x) + g(»)), Vg (x), g(¥) € Kgp.
Then, for A € (0,1), g(x1), g(x2) € K 4p, we have
T(Ag(x) + (1 —Dg(x2), g(¥)) = (Ag(x1) + (1 — Dg(x2) + g(»))?

—2Qg () + (1 — Dg(xs) + g2 ©
AT(g(x1),9()) = A(g(x1) + g(¥))? — 2A(g(x1) + g(¥)). @)
(1 = DTG0, g) = (1~ D(g(x2) + g ®

—2(1 =D (g(x2) + g
Adding (7) and (8), and then subtracting from (6), it can be easily verified that

AT(gCe), g() + (1 = HT(g(x2), g()) ~T(Ag(x1) + (1 = Dg(x2), g)

=21 =-D(gx) —glx)) €P
Hence,

T(Ag9(x) + (1 = Dg(x2), g() <p AT(g(x1), g(») + (1 = HT(g(x2), g
This shows that T is general P-biconvex.

3.Existence theory

First, we establish the existence of the bigeneral vector equilibrium problem (biGVEP).

Theorem 3.1. Let X be a Hausdorff topological vector space and Y be a real ordered Hausdorff topological vector
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space, and let Kgp € X be a nonempty, closed, and general biconvex set. Let P be a proper, pointed, closed, and
general biconvex cone in Y with intP # ¢, andlet f,h: Kgg X Kgp — Y be the given bifunctions. Let W : Kz —
2Y be a mapping with W = Y \ —intP such that the following conditions hold:

(1) fis continuous in the first variable, affine and general P-biconvex in the second variable, and

fg@ + 1B — 9(2)),9(x)),Vg(x),9(2) € Kgpand A, € (0,1],
(i1) h is bigeneral P-monotone with respect to the line-segment [., g(2)), hemicontinuous, continuous and general P
biconvex in the second variable, affine in the first variable, and

h(g(2) + 22p(g(x) — 9(2)),9(x)), Vg(x),9(2) € Kyp,2; € (0,1],
(ii1) the mapping W is closed,
(1v) Suppose that there exists a nonempty, compact, and general biconvex subset D gg of K g5 such that for each g(x) €
Kgs Dgp and for each g(z) € Kgp, 1,42 € (0,1), there exists g(y) € Dg4p such that

f9(@) + 11B(g(x) — 9(2)), g(x)) + h(g(2) + 22P(g(x) — g(2)), g(x)) & —intP.
Then, (biGVEP) is solvable.

We require the following two propositions for the proof of Theorem 3.1, using the same assumptions as in Theorem 3.1.

Proposition 3.2. Let Dyy € Ky © X be a nonempty compact and general biconvex set. Then there exists g(x) €
D g such that

f @@ + 1Bg(x) — 9(2),9¥) — h(g(2) + 1B(GW) — 9(2)),g(x)) & —intP,Vg(y) € Kgp.

Proof:
For each g(y),g(z) € Kgp,41,42 € (0, 1], consider the set
M (g(y)) = {g9(x) € Dyg: f(g9(2) +41B(g(x) = 9(2)),g(¥)) —h(g(2) + 2p(g(y) — 9(2)),g(x)) & —intP}.
We claim that M is a KKM -mapping. Assume on the contrary that M is not a KKM -mapping, then there exists some
g(x) € co{g(y1),...,g(¥x)} such that for all t; € [0,1],i = 1,2,...,n with }*,_, t; =1, we have
n
gx) =3 tig(y) € UM (g(vo).

i=1

Thus, we have

flg@) +211B(g(x) — 9(2)), gy)) — h(g(2) + 1:6(g(y) — g(2)), g(x)) € —intP ©)
and
Yis1 tif (9(2) + MBg(x) — 9(2)), g(¥)) — et tih(g(2) + 1B(g(y) — 9(2)), g(x)) € —intP. (10

Since f'is affine in the second variable and / is affine in the first variable, and using the conditions that

fg(@) + 1B(g(x) — 9(2)), 9(x)) = 0 = h(g(2) + 12B(g(x) — g(2)), g(x)),

we have

f(g(@) + MBg(x) — g(2), X=1 tig(y)) — h(g(2) + 26X"=1 tig(y) — g(2)), g(x)) € —intP, (amn
which implies that

f(g@) + hB(g(x) — g(2), g(x)) — h(g(2) + 22(g(x) — g(2)), g(x)) € —intP. (12)

It follows that 0 € —intP, which contradicts the pointedness of P and hence M is a KKM -mapping. Next, we show
that M (g(»)) is closed. In fact, let {g(xn)} be a net in M (g(y)) such that g(x,) = g(x). Asfis continuous in the first
variable and /% is continuous in the second variable, we have

f(g(@) + 11B(g(xn) — g(2)), g(¥)) — h(g(2) + 228(g(¥) — 9(2)), g(xn))
f@(@) + 1B (g(x) — 9(2)), 9(¥)) — h(g(2) + A26(g(y) — 9(2)), g(x)).

As W is closed, we have

converges to

f@@) + hB(g(x) — g(2), g¥)) — h(g(2) + 22(g(y) — g(2)), g(x)) EW. (13)
Thus, we obtain
f(g@) + 1B(gx) — 9(2)), g(¥) — h(g(2) + 22(gy) — 9(2)), g(x)) & —intP (14)

and so clearly g(x) € M (g(y)) and M (g(y)) is closed.

As M (g(y)) is a closed subset of a compact set Dy, thus M (g(y)) is compact. By employing the
KKM -Theorem 2.2, we have

r-‘g(y)el(gﬁ M(g(y)) * (l) -
Thus, there exists at least one g(x) € Dy such that

f(g@) + 1B (g(x) — 9(2)), 9(¥) — h(g(2) + 22(g(¥) — 9(2)), g(x)) & —intP..

Proposition 3.3. The following statements are equivalent:
7 9N E Dgp: f(g(2) + 1B(g(x) — 9(2)), ()
D ~h(g(2) +12Bg(») ~ 9(2)), 9(x)) & —intP,Yg(y) € Kgp.
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779G € Dyp: £(9(2) + 1B(g() ~ 9(2)), 91))
(1D Y h(g(2) + B9 (x) — 9(2)), ) & —intP,Vg(y) € K p.

Proof-

Suppose that (1/) holds. Then there exists g(x) € Dgyp such that

f(9(@) + 1B(g(x) — 9(2)), 9(¥)) + h(g(2) + 2B (g(x) — 9(2)), 9(¥)) & —intP. (15)
Since 4 is general P -monotone with respect to the line segment [., g(z)), we have

h(9(2) + 22(g(x) — g(2)), g)) <p— h (g(2) + 22B(g(y) — g(2)), g(x)). (16)

Adding f (g(z) + 1B(g(x) — g(2)), g(¥)) on both sides of (16), we have
fg(2) + 11B(g(x) — 9(2)), 9(¥)) + h(g(2) + 22B(g(x) — g(2)), g))
<p f(g(2) + 11B(g(x) — 9(2)), 9(¥)) — h(g(2) + 1B(g(¥) — 9(2)), g (X))

Since f(g(2) + 1B(9(x) — 9(2)), ) + h(g(2) + 12B(g(x) — 9(2)), 9(v)) & —intP, using (iv) of Lemma 2.7
and (17), it follows that

f9(@) + 11Bg(x) — 9(2)), 9(¥) — h(g(2) + 22P(g(¥) — 9(2)), 9(x)) & —intP,
That is, (/) holds.
Conversely, suppose that (/) holds. Then

f@(@) + 11B(g(x) — 9(2)), () — h(g(2) + A2B(g¥) — 9(2)), g(x)). (18)
Leta € (0,1]forall g(y) € Dgp, g(xa) = g(x) + aB(g(y) — g(x)).
Then g(x,) € Dgyp, we obtain

(1 =a)f(g(@) + 1Bg(x) — 9(2)), g(xa)) — (1 = Dh(g(2) + 128(g(xa) — 9(2)), g(x)) & —intP. (19)
Since 4 is general P -biconvex in the second variable, and using the assumption h(g(z) + A28(g(x) —
9(2)),g(x)) = 0, we obtain
0 = h(g(2) + 22p(g(xa) — g(2)), 9(x))

= h(g(2) + 128(g(xa) = 9(2)), g(x) + aB(g(¥) — g(x)))

= h(g(2) + 22B(g(xa) — 9(2)), g(x) + a(g(y) — 9(x)))

(for B(g(y) —g(x)) = (9(¥) — g(x)))

<p ah(g(z) + 22B(g(x)

=9(2),9()) + (1 = ©h(g(2) + A2p(g(xa) — g(2)), g(x)).
It implies that

—(1 - )h(g(2) + 228(g(xa) — 9(2)), g(x)) <p ah(g(2) + 12B(g(xa) — g(2), g()))-

(17)

(20)

Adding (1 — ao)f (g(z2) + 11f(g(x) — g(2)),g(xa)) on both sides of (20), we have
1 -a)f (@) + 1pg(x) — 9(2)), g(x)) — (1 — )h(g(2) + 22p(g(xo) — g(2)), g(x))
<p (1 —a)f(g(2) + L1B(g(x) — 9(2)), g(x))ah(g(2) + 225(g(xa) — g(2), g¥))).
Using (19), (21), and (iv) of Lemma 2.7, we obtain
A -a)f (92 + 1pgx) — g(2)), g(xa)) + ah (g(2) + 22p(g(xa) — g(2), g())) & — int P. (22
Since f'is general P -biconvex in the second variable and using the assumption
f9(2) + 11B(g(x) — g(2)), g(x)) = 0, and (22), we have
1 -a)f(g@) + 1B — 9(2)), g(x)) = (1 — a)f (g(2) + LB(g(x) — 9(2)), 9(x) + aB(g(y) — g(x)))
=1 -a)f @) +1Bgx) —g(2)),g(x) + alg(y) — g(x)))
(for g(¥) —9(®)) = (9(») = 9(x)))
<p a(l - a)f(g(2) + 1Bg(x) — g(2)), g»))
+(1 - )1 - a)f(9(2) + 1B(g(x) — g(2)), g(x)
=a(l - a)f(g(2) + 1Bg(x) — g(2)), g)).
On adding ah(g(z) + 228(g(xs) — g(2), g(¥))) to (23), it implies that (23)
a(1—a)f(9(2) + 11B(g(x) — 9(2)), ) + ah(g(2) + 22P(g(xa) — 9(2), ()
_ > (1 -a)f(9(2) + 1B(g(x) — 9(2)), g(x)) & —intP.
Again, using (iv) of Lemma 2.7, we have

a(1 - a)f (g(2) + LB(g(x) — g(2)), ) +ah(g(z) + 2:B(g(xs) — g(2), g)))- (24)

2D

Dividing (24) by a and using the hemicontinuity of /4 in the first variable and closedness of W, we have

fg@) + 1B(g(x) = 9(2)), g() + h(g(2) + 22B(g(x) — g(2), g()) EW

and thus, we have

f(@@) + 4Bgx) — 9(2)), g¥) + h(g(2) + 1:B(g(x) — 9(2),g(¥))) & —intP,Vg(y) € K gp.
Hence, (1) holds.

Proof of Theorem 3.1. Let {g()1), g02), ..., g(v»)} be a finite subset of Kgs and
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Bgg = co(Dgp U {g(y1), g(v2), ., gym)D)-
It is clear that B gp is a compact and general biconvex subset of K 4p.

By Proposition 3.2, there exists g(x) € Bgg such that

flg(2) + 11B(g(x) — 9(2)), g(¥)) — h(g(2) + 12(g(y) — 9(2)), g(x)) & —intP,Vg(y) € Kgp.
In particular

f(9@) + 11B(g(x) — 9(2)), g(¥)) — h(g(2) + 1B(g(y) — 9(2)), 9(x)) & —intP,i = 1,2,...,n.
Hence, every finite subfamily of closed sets

Lg) ={g(x) € Bgp: f(g(2) + 11B(9(x) = 9(2)), g))
—h(g(2) + 22B(9(y) = 9(2)), g(x)) & —intP,Vg(y) € Kgp}
has a nonempty intersection. Since B yp is compact, we have

Ngek,p LGOD) # ¢ .
By Proposition 3.3, we have

(9@ + 1Bg(x) = 9(2)), () + h(g(2) + 22B(g(x) — g(2)), g(¥)) & —intP,Vg(y) € K.
Thus, there exists g(x) € Byp such that

fg@) + 21B(g(x) — 9(2)), ) + h(g(2) + 12B(g(x) — g(2)), 9(¥)) & —intP,Vg(y) € K.
By assumption (iv), there exists g(x) € D gg such that

fg(@) + 11B(g(x) — 9(2)), ) + h(g(2) + 12B(g(x) — g(2)), g(¥)) & —intP,Vg(y) € K.
Hence, (biGVEP) admits a solution.

Now, we establish the solvability of the bigeneral strong vector equilibrium problem (b5iGSVEP) under appropriate
conditions.

Theorem 3.4. Let X be a Hausdorff topological vector space and Y be real ordered Hausdorff topological vector
spaces and Kg4p © X be a nonempty, closed, and general biconvex set. Let P: K gg — 2Y be a point-to-set mapping such
that P is a proper, pointed, closed, and general biconvex cone in Y with int P # ¢. Let f,h: Kgg X Kgp = Y be the
mappings such that f is affine in the second variable and h is affine in the first variable and

f(9(2) + 11B(g(x) = g(2)), 9(x)) = 0 = h(g(2) + 2(g(x) — 9(2)), g(x)), Vg (x) € K.

Let the following conditions hold:

(i) for each g(z),g(y) € Kg4p,41, A2 € (0,1], the set

{9(x) € Kgp: f(g(2) + MB(g(x) — 9(2)), g)) + h(g(2) + 12B(g(x) — 9(2)), g(¥)) € —P \ {0}

is openinK gg;

(ii) there exists a nonempty compact and general biconvex set Dgyp of Kyp, and for each g(z) € Kgyp,11,4; €
(0,1], g(x) € Kgp \ Dyp, there exists g(u) € D 4p such that

f(9(@) + 11B(g(x) = g(2)), gw) + h(g(2) + 228(g(x) — 9(2)), g(w)) € —P \ {0}.

Then, for each g(z) € Kg4p,11, 42 € (0,1], there exists g(x) € Kgp such that

fg(@) + 1B(g(x) — 9(2)), 9) + h(g(2) + 12B(g(x) — 9(2)), g¥)) € —P\ {0}, Vg(¥) € Kgp

Proof.
For each g(z) € Kg45,41, 42 € (0,1],
GO = {g(x) € Dygp: f(g(2) + 11B(g(x) — 9(2)), 9(¥))
+h(g(2) + 22B(g(x) — 9(2)),g(¥)) € =P\ {0}},Vg(¥) € Kgs.
Clearly, for each g(y) € Kyp
Gg) = {g(x) € Kgp: f(9(2) + 11B(g(x) — 9(2)), ()
+h(g(2) + 22B(g(x) — 9(2)), g(¥)) € =P \{0}} N Dyp,Vg(y) € Kgp °

Since G(g(y)) is closed subset of Dgg, so G(g(y)) is compactly closed. Let Byg = co(Dgp U{g(¥1), 9(¥2), ..., g(yn)}
) for a finite subset {g(y1), g(¥2), ..., g(¥n)} of K gg. Then by Lemma 2.8, Byg is a compact general biconvex subset of
K 5.
C(g)nsider the set

H(g(») ={g(x) € Bgp: f(g(2) + 11B(g(x) — 9(2)), g()

+h(g(2) + 22p(g(x) — g(2)),g()) € =P\ {0}},Vg(y) € By -

We claim that H is a KKM -mapping. Suppose that H is not a KKM -mapping, then there exists some g(x) €
co{g(v1), gv2), ..., g(¥,)} such that for all t; € [0,1],i =1,2,...,n

with Y%, t; = 1, we have
n

gx) =Y tig(y) € U, H(gD).
That is, .
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f9@) + 1B(g(x) — g(2)), g(y1) + h(g(2) + 12(g(yd) — 9(2)), g(x)) € =P\ {0},

which implies that

T tif (g(z) + 1p( = gi)

v iiots PAdGo 3 vy € -p o0

Since / and fare affine in the first and second variable respectively, and from (26), we

have

j]; 9@ + 1Bg(x) = 9(2)), g(x)) +h(g(2) + 12B(g(x) — 9(2)), g(x)) € =P\ {0}
ut

f(9(2) + 1B (g(x) — g(2)), g(x)) = 0 = h(g(2) + A2p(g(x) — g(2)), g(x)).

From (27), we have 0 € =P\ {0}, which is not possible.

Hence H is a KKM -mapping.

Since H(g(y)) is a closed subset of B, and thus compact. Hence by Theorem 2.2, we have

Nges, HGW)) # ¢
Thus, there exists

9(}70) € r.]g(y)EBgﬁ H(g(y))

Next, we show that g(yo) € Dgs. In fact, if g(y0) € Bgs \ Dgp, then by condition (i7), there exists g(uo) € Dgs such that

f(g@) + 4B(go) — g(2)), g(wo))

+h(g(2) + 228(g(vo) — 9(2)), g(uo)) € —P \ {0},
which contradicts g(yo) € H(g(y)) and so g(yo) € Dgp.
Since G(g(y)) = H(g(y)) N Dy, for each g(y;) € Byg, i = 1,2, ...,n, we have

g(yo) €Ny, G(g(y)). Thatis, N"_,G(g(y:)) # ¢, for each g(y;) € K gp.

By the compactness of G(g(y)), we see, for each g(y) € K 44, that there exists g(xo) € D44 such that g(xo) €

Ngwek,, GGW)) # .
Therefore, for each g(z) € Ky4p,41, 42 € (0,1], there exists g(x) € K gp such that
fg@) + 11B(9(x) = 9(2)), 9)) + h(g(2) + 12B(g(x) — 9(2)), g(¥)) € =P\ {0}, Vg(y) €

Kgp.
Thus, (biGSVEP) is solvable.

4.Conclusion

The paper develops a unified and generalized framework for studying vector equilibrium
problems in Hausdorff topological vector spaces by introducing the notions of general
biconvex sets and functions defined via an arbitrary mapping and bifunction. Within this
framework, the authors formulate both a bigeneral vector equilibrium problem (biGVEP)
and a bigeneral strong vector equilibrium problem (biGSVEP), showing that many classical
models, such as equilibrium problems, vector equilibrium problems, and related variational
inequalities, arise as special cases under suitable choices of parameters and mappings. Using
generalized KKM techniques, along with properties like P - monotonicity, generalized

convexity, and compactness, the paper establishes sufficient conditions for the existence of

solutions to both (biGVEP) and (biGSVEP). Supporting propositions and examples illustrate
the applicability of the assumptions and highlight the role of the introduced generalized
structures. Overall, the results extend several well- known existence theorems in the
literature and provide a broader setting that can accommodate nonconvex and more complex
equilibrium models, thereby opening avenues for further research in generalized equilibrium
theory. It is expected that the approaches, concepts, and techniques used in this publication
will encourage additional research in this area.

Volume-12 | Issue-01 | April 2026

(25)

(26)

27

(28)

29)

16



International Journal of Mathematics and Statistics

5. References

A. Ben-Isreal and B. Mond, What is invexity?, J. Austral. Math. Soc. Ser. B., 28(1986), 1-9.

R. Ahmad and Z. Ahmad, Vector Variational-like Inequalities with n-generally Convex Map- pings,
ANZIAM,

49(2007)2007, E33-E46.

R. Ahmad and M. Akram, Extended vector Ky Fan inequality, Opsearch, DOI:10.1007/s12597- 013-
0161-2 (2013), 12 pages.

0. H. Ansari and J. C. Yao, An Existence Result for the Generalized Vector Equilibrium Problem, Appl.
Math. Lett., 12(1999), 53-56.

O. H. Ansari, S. Schaible, and J. C. Yao, System of Vector Equilibrium Problems and Appli- cations, J.
Optim. Theory Appl., 107(2000), 547-557.

Q. H. Ansari and J. C. Yao, On Vector Quasi-Equilibrium Problems, Equilibrium Problems and
Variational Models, Nonconvex Optim. Appl., Kluwer Academic Publication, Norwell, MA, 68(2003), I-
18.

Q. H. Ansari and F. F. Bazan, Generalized Vector Quasi-Equilibrium Problems with Applica- tions, J.
Math. Anal. Appl., 277 (2003), 246-256.

M. Bianchi, N. Hadjissava, and S. Schaible, Vector Equilibrium Problems with Generalized Monotone
Bifunctions, J. Optim. Theory Appl., 92(1997), 523-542.

E. Blum and W. Oettli, From Optimization and Variational Inequalities to Equilibrium Prob- lems, The
Math. Student, 63(1994), 123-145.

S. Cai, S. Hua and X. Li, Optimality and Scalarization for Approximate Benson Proper Effi- cient
Solutions in Vector Equilibrium Problems, AIMS Math., 10(2025), 18216—18231.

G. Y. Chen, Existence of Solutions for a Vector Variational Inequality: An Extension of the
Hartmann- Stampacchia Theorem, J. Optim. Theory Appl., 74(3)(1992), 445-456.

G. Y. Chen and B. D. Cravan, A Vector Variational Inequality and Optimization over an Efficient
Set, ZOR Methods and Models of Operation Research, 34(1990), 1-12.

G. Y. Chen and B. D. Cravan, Existence and Continuity of Solutions for Vector Optimization, J. Optim.
Theory Appl., 81(1994), 459-468.

1 K. Fan, A Generalization of Tychonoff’s Fixed Point Theorem, Math. Ann., 142(1961), 305- 310.
1 A. P. Farajzadeh and B. S. Lee, On Dual Vector Equilibrium Problems, Appl. Math. Lett.,25(2012), 974-

979.

A. P. Farajzadeh and L. D. R. Kocinac, On the Existence of Fixed Points for Set-Valued Map- pings in
Partially Ordered Sets and its Application to Vector Equilibrium Problem, Filomat, 39(2025), 3867—
3871.

K. R. Kazmi, On Vector Equilibrium Problem, Pro c. Indian Acad. Sci. (Math. Sci.), 110(2)(2000), 213-223.
A. Khalig, Implicit Vector Equilibrium Problems with Applications to Variational Inequalities, Nonlin.
Anal.,

63(2005), 1823-1831.

J. Li and N. J. Huang, Implicit Vector Equilibrium Problems via Nonlinear Scalarization, Bull. Austr.
Math. Soc.,

72(2005), 161-172.

X Li, J. K. Kim and N. J. Huang, Existence of Solutions for n-generalized Vector Variational- like
Inequalities, J. Inequalities and Appl., doi:10.1155/2010/968271, (2010)2010.

T. V. Nghi and N. N. Tan, On the Existence and the Stability of Solutions in Nonconvex Vector
Optimization, J. Optim. Theory Appl., 208(2026), 1-26.

T. Ram and P. Lal, Existence of solutions of set-valued strong vector equilibrium problems. Thai
Journal of Mathematics, 20(2)(2022), 577-588.

M. Rehman and R. Ahmad, General Vector Equilibrium Problems, Advances in Nonlinear Variational
Inequality,

18(2015), 46-57.

M. A. Noor, General Biconvex Functions and Bivariational-like Inequalities, Nonlinear Func- tional
Analysis and Applications, 27(1)(2022), 23-44.

M. A. Noor and K. 1. Noor, Strongly General bivariational Inequalities, Trans. J. Math.
Mech.,13(102)(2021), 45- 58.

M. A. Noor and W. Oettli, On General Nonlinear Complementarity Problems and Quasi- Equilibria,
Matematiche,

49(1994), 313-331.

Volume-12 | Issue-01 | April 2026

17



International Journal of Mathematics and Statistics

271 N. X. Tan and P. N. Tinh, On the Existence of Equilibrium Points of Vector Mappings, Numer.
Func. Anal. Optim., 19(1998), 141-156.

28] A. E. Taylor, An Introduction to Functional Analysis, John Wiley and Sons, New York, NY,
USA,(1963)1963.

EPH - International Journal of Mathematics and Statistics
https://eijms.com/index.php/ms/index

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of the copyright for
their article,You are free to: Share — copy and redistribute the material in any medium or format for any purpose, even commercially. To
see the complete license contents,

please visit http://creativecommons.org/licenses/by/4.0/.

Volume-12 | Issue-01 | April 2026

18


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/



