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Abstract:-

In this paper, we study the Finsler space with special (a, ﬁ)—metricF =+, s scalar flag curvature and we proved
that, if it is weakly Berwald if and only if it is Berwald and vanishes flag curvature. Further, we found that this metric is
locally Minkowskian.
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1. INTRODUCTION

In Finsler geometry, the flag curvature is an analogue of the sectional curvature in Riemannian geometry. One of the
fundamental problem in Riemanian-Finsler geometry is to study and characterize Finsler metrics of scalar flag curvature.
It is known that every Berwald metric is a Landsberg metric and also, for any Berwald metric the S-curvature vanishes.
In 2003 X.Chang, X.Mo and Shen have obtained the results on the flag curvature of Finsler metircs of scalar curvature.
Then, in 2004, Yoshikawa,Okubo and M.Matsumoto showed the conditions for some (a,f)-metrics to be weakly Berwald.
Recently Narasimhamurthy.S.K[8] has studied the class of weakly Berwld (a,f)-metrics of scalar flag curvature.

The main purpose of the present paper is to charecterize the weakly Berwald special (a,f)metrics are of scalar flag
curvature. Then, we proved that it vanishes scalar flag curvature and Berwald, then it is locally Minkowskian.

2. Preliminaries:
This section includes the basics of Finsler spaces and the concepts of S-curvatre.

Letl = ag(L

a) be an (a,f)-metric on an n-dimensional manifold M, where ¢ B ?J( )J Yyl is a Riemannian
metric and B = bi(x)y’is a 1-form.

Now, let ¢(s) be a positive ¢* function on (—bo,bo). For a number b € [0,by), let

p=—(Q—sQ)MA+1+5Q— (b — )1+ sQ)Q", (2.1)
— 2 2\ Q = -2 7
where, A =1+ sQ + (b*—s*)Q" and P—s¢.
Let G'and G ' denotes the spray co-efficients of F and a respectively. Then geodesic co-
efficients G' are related to G “of by
C .
/ b'}

p ~ . . 1 ¢
Gl = Gz + (,\,QS(I) + 9{—2(,1’(25() -+ ‘I'()[)}{% -+ m (2 2)

where G denote the spray coefficients of .

!

0 =932
We shall denote ro0= r;»")/, sio=s0=sp' and 2A
Also,
2 S
hi = ab; — sy;, 1; = Vb s2AL? [ gs/z j|
dn = 2(n+1)(Q - sQ) + 3. ,

By a direct computation, we can obtain a formula for the mean Cartan torsion of (a,f)-metrics
as follows[5].:

O(p—s¢)
i 2A 00 (abi = sy:) 2.3)
According to Diecke’s theorem[10], a Finsler metric is Riemannian if and only if the mean Cartan torsion vanishes, /= 0.
Clearly, an (a,f)-metric F = ap(f/a), s = f/o. is Riemannian if and only if @ = 0. (see [21]).
For a Finsler metric F = F(x,y) on a manifold M, the Riemann curvature R, = Ry &% % Qdx*
is defined by

Rl 2()(’ __9%G! Um + 2G™m 9’°Gt  9G' 9G™

Oxk Adx™moyk Oymoyk dy™ oyk |

Let Rjk = gjiRki , then Rjkyj = 0, Rjk = Rkj.

For a flag {P,y}, where P = span{y,u} c T:M, the flag curvature K = K(P,y) of F'is
defined by
Rj(z, y)uuF

F2(x,y)hj(z, y)uiu®

, 2.4)

K(P,y) =

_ -2 ,
hik = gjx — F 959" grey?.
where,

We say that Finsler metric F is of scalar flag curvature if the flag curvature K = K(x,y) is independent of the flag P. By the
definition, F is of scalar flag curvature K = K(x,y) if and
only if in a standard local coordinate system,

Ri= KFhy, (2.5)
where, A= gihj= g'FFj,k([4],[5]).

The Schur lemma[4] in Finsler geometry tell us that, in dimension #n > 3, if F'is of isortopic flag curvature, K = K(x), then
it is of constant flag curvature, K = constant. The Berwald curvature B, = By/ d¥ © 2% Q@dx* @dx' and mean Berwald
curvature E, = Ejdx' Qdyx are

defined respectively by

: PG (z,y) 1% (9Gmy\ _ 1
i 1 =1 ; _ m
gkl = oyioykoyt> E’J 2 Oy oyl ( oy™ ) Bll'"
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A Finsler metric F is called weak Berwald metric if the mean Berwald curvature vanishes,

s(n+De(@)F'h

i,e., (E = 0)B = 0. A Finsler metric F is said to be of isotropic mean Berwald curvature if F=
where ¢ = c¢(x) is a scalar function on the manifold M.

— . 3
Theorem 2.1. [8],[9] For special (a,f)-metric F=a+h o, where k 6= 0, is constant and Matsumoto metric (2™
P 2 a3
a+B+E 42

appx) = o? on n-dimensional manifold M. Then the following are equivalent:
(a) F is of isotropic S-curvature, S = (n + 1)c(x)F;

(b) F is of isotropic mean Berwald curvature, b= %C(:E)F lh;

(c) B is a killing 1-form with constant length with respect to a, i,e., roo= 0 and soo=0;

(d) S-curvature vanishes, S = 0;

(e) F is a weak Berwald metric E =0, where, ¢ = c(x) is scalar function on the manifold M.

Note that, the discussion in [3], [19] doesn’t involve whether or not F' is Berwald metric. By the definition[7], Berwald

metrics must be weak Berwald metrics but the converse is not true. For this observation, we further study the Finsler
— ey B

metricsF =a+ 7

For a Finsler metric F = F(x,y) on and n-dimensional manifold M, the Busemann-Hausdroff volume form dVr= o (x)dx'

A A dx"is given by
N vol(B™(1))
O’F(.L) - »,;U[{(yi)eﬁn|F(I7y)<1}’

Vol denotes the Euclidean volume in R". The S-curvature is given by
oG™ lyo (Ino
Slx,y) =5 —-y”*4i—£j;—fl
dy dx™ 2.6)

Clearly, the mean Berwald curvature E, = E;dx' @ dx can be charecterized by use of S-
curvature as follows:
B, =1 925
v 2 Jytdyd,
A Finsler metric F is said to be isotropic S-curvature if S = (n+1)c(x)F(x,y), where ¢ = c(x) is a scalar function on the
manifold M. S-curvature is closely related to the flag curvature. We use the following important results proved by [7].

Theorem 2.2. Let (M,F) be an n-dimensional Finsler manifold of scalar flag curvature with flag curvature K = K(x,y).
Suppose that the S-curvature is isotropic, S = (n+1)c(x)F(x,y), where ¢ = c(x) is a scalar function on M. Then there is a
scalar function o(x) on M such

that

Py m
3(‘_,. m (‘l' )y + (T(.'F)

F(x,y) : .7
This shows that S-curvature has important influence on the geometric structures of Finsler metrics. For a Finsler metric F,
the Landsberg curvature L = Ljdx’' ® d¥' ® dx*and the
mean Landsberg curvature L = Jidx* are defined respectively by

Lij = 1Py [G")

K =

Je = 9" Lij,

yiyiyks

A Finsler metric F'is called weak Landsberg curvature metric if the mean Landsberg curvature

— (s c— B
vanishes, i,e., (/= 0)L =0. For an (a,,b’)—metricF - OO(‘S)’ §= o Li Benling and Z,Shen([7]

obtained the following formula of the mean Landsberg curvature

J; = —ﬁ{% {% +(n+1)(Q — sQ')} (8o + 10)h;i + ﬁ {zml v s%] (roo — 2Qasg) h;
a [—O'leoh,- + aQ(a’s; — ]/,'S‘o)} + & Asig + [a(rio — 2aQs;) — (roo — 2aQs0)y;) %}
(2.8)
Besides, they also obtained
J=Jb = — 5 A1(12 {W1(ro0 — 2aQsg) + aha(ro + .90)}. 29)

The horizontal covarient derivatives J;.,, and Ji, of J; with respect to F and a respectively are given by
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— l ()J, A7l o l 9J; N
Jiﬁ'” - ()1"' Jlrlm — oyt 7\'m Jihn - (),m - JIF,,,, - \,,,
where,
I _ _9G! A7l G nl . 9G! N EI(6))
L= Byioy N; = By and 1, = B0y N; = oy
Further we have,
0J; -
l l 7l T .m
]l "ll - {]|'" - (F”Tl - F”ﬂ) 02 (\/m - \/m)}y
_ a.J; i
rl l v 1 1
= Jimy™ — J(N; — N;) — 2W(G - G).

If a Finsler metric F is of constant flag curvature K(see[5]), then
Ji;mym + KF21i = 0.
F=oas),s=2

a, is of constant flag curvature K, then

ol Al 7. = - e
Timy™ — HAG = 2804 (G! — G + Ka?¢?T; = 0.

So, if can (o, f)-metric

Contracting the above equation by &’ yields the following equation
(G — G 0J _ P
(‘—)I’ (G’ — GY 4+ Ka*¢* ;b = 0

dy’ dy' . (2.10)

T m ik m
']i|m,y - .],'(l‘ bl.'|my - ']1

3. Characterization of Weakly Berwald special (¢, 5)-metrics of scalar flag curvature:
In this section, for a n-dimensional Finsler manifold (n > 3), we characterize the class of weakly Berwald special (¢, 5)-
metric of scalar flag curvature So first we prove the following lemma;

Lemma 3.1.LetF = +

type, if ©® 6= 0.

a be a Finsler space with (o,)-metric, then it is non-Randers

N
Proof: Consider the Finsler metricF =oty . By direct computation using (2.1) we have
O = 5%

where,

p=1+¢"
A= (3n+1)s" — 165" — (4(n + 1) + 8nb® + 4b*) s* + 4(4b* — 1)s* + 4b°

Assume that ® = 0, then 4 = 0 obviously and so multiplying 4 = 0 with o®, which yields.
431 + 12n) = [(n + 1) + 2nb*+ B*]Pa® + a[4b%a* + 4(4b> — 1)’ — 164*] = 0. Hence we obtain,
B(1+12n) — ((n+1) 4+ (2n + 1)b°) B*a® =0 G.1)

and

bt + (42— 1)f*a? - 444 = 0. (3.2)
Clearly, observe that in equation (3.1) £’ is divisible by &%, which is contraction to ® = 0.
Therefore, F' must be a non-Randers type.
The main idea of this lemma(3.1), now we can prove the following theorem.

Theorem 3.3. LetF = + o be a Finsler space with (a,p)-metric is of scalar flag curvature K = K(x,y), then F is weakly
Berwald metric if and only if F is Berwald metric and K = 0.

In this case, F must be locally Minkowskian.
32
‘a cannot represents

Proof. From lemma(3.1) and theorem(2.2), we know that Finsler space with (a,/)-metrics F=a+

the Riemannian mertric if § 6= 0.
Then the proof of this theorem sufficient part is trival. and so we only prove the necessary condition.
Assume that the metric ' is weakly Berwald. By lemma(3.1) and the isotropic S-curvature, S = (n + 1)c(x)F with c(x) is
constant and
roo— 0, So= 0. (3.3)

Again theorem(2.2) and the equation (2.7) F must be of isotropic flag curvature K = a(x).
Further, eqution(2.10),we can simply using (2.2),(2.8) and (2.9) as follows.

G'—G'=aQs), Ji==20 J=0.

2aA

In addition from(2.3) we obtain
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thus,

I[I__(_)((‘)_S(')) .
v N R (3.4)

equation(2.10) can be expressed as follows:

s gikgy o+ O (5Qsh + Q'sh(V? — %)) — KF (¢ — s¢)(b* — s2) = 0.

Again by using lemma(3.1) we get

Here, notice that;

For Finsler space with (o,f)-metric

siosh + sw(aQsh)b; — KFa(o — sc,‘*‘),)(b2 — %) =0.

F=ads), s="~

‘ = . Thus we have,
si056A — Ka?p(¢p — 50 )(b* — s*) =0 (3.5)

B2
o we have,
_ p(1420%2—3s2)
A="Trar

F=o+

>

Then equation (3.5) becomes,

(14 2b% — 3s?)si0sf — Ka?(b* — s*)(1 — s*)* = 0.

On m}lltiplying ‘above eq}lation with qﬁ, which yields. ‘ ‘ ‘ ) o 7
— b+ {32 (143b%) 4+ (142b) 55055 }a® =362 (14-2b%) +si08 o' + K B (3+b%)a® = K 3%, (3.6)

Here, we observe that,the leftside of equation (3.6) is divisible by «®. Hence we obtain that the flag curvature K = 0,

cot — ) od ot
because 4* is not divisible by > Substituting K = 0 into equation (3.5) we have 9i05 0 = Gij(2)S0S0=0. Because (ai(x))

is positive defnite, so St= 0, i,e., B is closed. By equation (3.3), we know that f is parallel with respect to a. Then F'is
Berwald mertic if # 6= 0. Hence, Fmust be locally Minkowskian.
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